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iv
vAbstrat
Due to the singularities arising in quantum eld theory and the diulties in
quantizing gravity it is often believed that the desription of spaetime by a
smooth manifold should be given up at small length sales or high energies.
In this work we will replae spaetime by nonommutative strutures arising
within the framework of deformation quantization. The ordinary produt
between funtions will be replaed by a ⋆-produt, an assoiative produt for
the spae of funtions on a manifold.
We develop a formalism to realize algebras dened by relations on fun-
tion spaes. For this porpose we onstrut the Weyl-ordered ⋆-produt and
present a method how to alulate ⋆-produts with the help of ommuting
vetor elds.
Conepts developed in nonommutative dierential geometry will be ap-
plied to this type of algebras and we onstrut ations for nonommutative
eld theories. In the lassial limit these nonommutative theories beome
eld theories on manifolds with nonvanishing urvature. It beomes lear
that the appliation of ⋆-produts is very fruitful to the solution of nonom-
mutative problems. In the semilassial limit every ⋆-produt is related to
a Poisson struture, every derivation of the algebra to a vetor eld on the
manifold. Sine in this limit many problems are redued to a ouple of dier-
ential equations the ⋆-produt representation makes it possible to onstrut
nonommutative spaes orresponding to interesting Riemannian manifolds.
Derivations of ⋆-produts makes it further possible to extend nonommu-
tative gauge theory in the Seiberg-Witten formalism with ovariant deriva-
tives. The resulting nonommutative gauge elds may be interpreted as one
forms of a generalization of the exterior algebra of a manifold. For the For-
mality ⋆-produt we prove the existene of the abelian Seiberg-Witten map
for derivations of these ⋆-produts. We alulate the enveloping algebra val-
ued non abelian Seiberg-Witten map pertubatively up to seond order for the
Weyl-ordered ⋆-produt. A general method to onstrut ations invariant un-
der nonommutative gauge transformations is developed. In the ommutative
limit these theories are beoming gauge theories on urved bakgrounds.
We study observables of nonommutative gauge theories and extend the
onept of so alled open Wilson lines to general nonommutative gauge
theories. With help of this onstrution we give a formula for the inverse
abelian Seiberg-Witten map on nonommutative spaes with nondegenerate
⋆-produts.
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Introdution
All experiments in physis support the assumption that spaetime should
be desribed by a dierential manifold and all suessful theories may be
formulated as eld theories on suh manifolds. But in quantum eld theories
there are some intrinsi diulties at high energy or short distanes that
an not be resolved. No hints are given by experiment where and how these
diulties should be solved. But there are other fomulations of suessful
theories like the algebrai approh to quantum mehanis that leave the
setting of dierential manifolds.
In the early days of quantum eld theory it was already suggested by
Heisenberg that spaetime might be modied at very short distanes by al-
gebrai properties that ould lead to unertainty relations for the spae oor-
dinates. The rst one to write an entire artile about this subjet was Snyder
[1℄. The idea behind spaetime nonommutativity is mainly inspired by quan-
tum mehanis. Quantum phase spae is dened by replaing anonial vari-
ables qi, pj by hermitian operators whih obey the Heisenberg ommutation
relations [qˆi, pˆj] = i~δ
i
j. Now the spae beomes smeared out and the notion
of a point is replaed by a Plank ell. In the limit ~ → 0 one an reover
the ordinary phase spae. In its simplest form spaetime nonommutativity
an be desribed in the same way by replaing the ommutative oordinate
funtions xi by operators xˆi of a general algebra obeying the relations
[xˆi, xˆj ] = cˆij .
The righthand side of this equations should tend to zero in a ertain limit
and one reovers in this way the lassial ommuting spae. Although this
idea seemed quite promising the progress was very slow due to the suess
of renormalization theory on the one hand and the mathematial omplexity
of nonommutative strutures on the other hand. It took a long time until
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nonommutative geometry was mathematially dened and physial models
were formulated [2, 3, 4, 5, 6℄.
Perhaps one reason for the slow progress is that postulating an unertainty
relation between position measurements will lead to a nonloal theory, with
all of the resulting diulties. A seondary reason is that nonommutativ-
ity of the spaetime oordinates generally onits with Lorentz invariane.
Although it is not implausible that a theory dened using suh oordinates
ould be eetively loal on length sales longer than that of the unertainty,
it is harder to believe that the breaking of Lorentz invariane would be un-
observable at these sales.
One big hope assoiated with the appliation of nonommutative geome-
try in physis is a better desription of quantized gravity. Quantum gravity
has an unertainty priniple whih prevents one from measuring positions
to better auraies than the Plank length: the momentum and energy re-
quired to make suh a measurement will itself modify the geometry at these
sales [7℄. At least it should be possible to onstrut eetive ations where
traes of this unknown theory remain. If one believes that quantum gravity
is in a sense a quantum eld theory, then its observables are operators on a
Hilbert spae and therefore elements of an algebra. Some properties of this
algebra should be reeted in the nonommutative geometry the eetive
ations are onstruted on. As in this ase the nonommutativity should be
indued by bakground gravitational elds, the lassial limit of the eetive
ations should redue to ations on urved spaetimes [8, 9℄.
A related motivation is that quantum gravity might not be loal in the
onventional sense. Nonloality brings with it deep oneptual and prati-
al problems whih have not been well understood, and one might want to
understand them in the simplest examples rst, before proeeding to a more
realisti theory of quantum gravity. Further there is an interesting similiar-
ity in the gauge struture of general relativity and nonommutative gauge
theory. In the later gauge transformations an be interpreted as a speial
subgroup of the group of dieomorphisms. Again with the growing under-
standing of nonommutative theories one perhaps improves the knowledge
about dieomorphism invariant theories like general relativity.
There are other reasons for introduing nonommutativity into physis.
One of the simplest is that it might improve the renormalizability properties
of a theory at short distanes or even render it nite. However it is known
today that ertain models develop new devergenies absent in ommutative
theories [10, 11℄.
At the moment most of the appliations of nonommutativity to physis
are done with nonommutative eld theory [12, 13℄. As one thinks of these
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models as analogs to lassial physis there are also attempts to quantize
these theories [14, 15, 16℄. A new approah is to treat nonommutative
geometries as matrix models and take advantage of the nonommutativity
to quantize them [17, 18℄ sine they have nite dimensional representations.
Nonommutative eld theory is also known to appear naturally in ondensed
matter physis. One example is the theory of eletrons in a magneti eld
projeted to the lowest Landau level, whih is naturally thought of as a
nonommutative eld theory. Thus these ideas are relevant to the theory
of the quantum Hall eet, and indeed, nonommutative geometry has been
found very useful in this ontext [19℄.
Symmtries have always played a very important role in physial models.
But nonommutative spaes mostly are not ompatible with the symmetry
groups of their ommutative ounterparts. One way to irumvent these
problems are quantum groups. One does not only deform the spae but
also the symmetry group ating on it. Beginning with the nonommutative
plane a large number of deformed spaes with deformed symmetries have
been onstruted. Among others there are for example the q-deformed Lie
algebra of rotations [20℄ and q-deformed Eulidean spae [21℄, the q-deformed
Lorentz algebra [22℄ and q-deformed Minkowski spae [23℄, the q-deformed
Poinare algebra [24℄, κ-deformed Poinare invariant spae [25℄, to name only
a few.
Nonommutative geometry may be useful to desribe eetive eld the-
ories derived from the low energy limit of loop quantum gravity. Sine here
geometri objets are replaed by operators on a Hilbert spae [26℄, it would
not be very unexpeted if nonommutative strutures appeared in the ontin-
uum limit of this theory. However the relation between loop quantum gravity
and nonommutative geometry has not been explored very well. Neverthe-
less there are hints that an eetive theory should be a nonomutative one.
For example there exists a nonperturbative quantization of gravity with an
isolated horizon as inner boundary within the formalism of loop quantum
gravity. The quantum geometry of the horizon looks like a nonommutative
torus [27℄.
String theory made its rst ontat with nonommutative geometry with
a onjeture alled M-theory. It was proposed that all known string theo-
ries are the low energy limit of this theory. Further it was onjetured that
this M-theory may be formulated in the framework of matrix quantum me-
hanis leading to the name M(atrix)-theory [28℄. It was found in [29℄ that
nonommutative geometry arises very naturally in M(atrix)-theory.
Nonommutative geometry entered string theory a seond time with the
desriptions of open strings in a bakground B-eld [30, 31℄. The D-brane is
4 1. Introdution
then a nonommutative spae whose utuations are governed by a nonom-
mutative version of Yang-Mills theory [32℄ and nonommutativity is indued
by a so alled ⋆-produt. On a urved brane the B-eld beomes position de-
pendent [33℄. In the ase of a onstant B-eld it has been shown quite soon
that there is an equivalent desription in terms of ordinary gauge theory.
The two pitures are releated by a hoie of regularization [34℄. Therefore
there must exist a eld redenition mapping the one piture to the other,
the Seiberg-Witten map [32℄.
Most of the nonommutativity in this work will be formulated with the
help of ⋆-produts, i. e. with assoiative produts dened on funtion spaes.
Throughout this work we will formulate them with the help of dierential
operators
f ⋆ g = fg +
i~
2
θij∂if ∂jg + · · ·
and assume that they may be expanded in some parameter of nonommu-
tativity. ⋆-produts rst emerged from quantum mehanis. Due to Weyl's
quantization proedure [35℄ one was able to pull bak nonommutativity to
the lassial phase spae and the rst ⋆-produt was formulated [36℄, an as-
soiative produt between funtions on phase spae. In this formulation the
lassial limit of quantum mehanis is very intuitive, the ⋆-produt depends
on ~ and for this parameter tending to zero it beomes the ordinary produt
between funtions. The Poisson braket an be obtained by looking at the
rst order deviation in ~. With this in mind deformation quantization [37℄
was formulated. One has to look for defomations of algebras of funtions of
Poisson manifolds and realize quantum mehanis on this manifolds in this
way. A more abstrat piture of ⋆-produts was developed being now an
assoiative produt on the spae of funtions on a manifold.
The formulation of gauge theories in this work will be done with the men-
tioned Seiberg-Witten map formalism emerging from string theory. After its
disovery the Seiberg-Witten map has been extensivly studied and applied
to nonommutative eld theory. An interesting approh is set within the
Kontsevih ⋆-produt formalism [38℄. Here the Seiberg-Witten map is found
to be a part of the Formality map [39, 40, 41, 42℄. In partiular these studies
show that the Seiberg-Witten map is an integral feature of any nonom-
mutative geometry obtained through deformation quantization of a Poisson
manifold. Additionally the Seiberg-Witten map was extended to nonabelian
gauge groups. The nonommutative gauge transformations are not longer
Lie-algebra valued and have to be dened on the enveloping algebra [43℄.
On nonommutative R
N
θ whih is haraterized by onstant parameters
θij the Seiberg-Witten map an be onstruted using various tehniques. The
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Seiberg-Witten equations lead to a onsisteny ondition whih may be solved
order by order [44℄. Further it an be solved with a ohomologial approah
within the BRST formalism [45℄. There exist few Seiberg-Witten maps on
other nonommutative spaes. On the fuzzy sphere a Seiberg-Witten map
was onstruted up to seond order for a ⋆-produt that does not trunate
the spae of funtions and for the nite dimensional representations S2N [46℄.
On κ-Minkowski spaetime it has been alulated in [47, 48℄. There are
extensions of the onstant ase Seiberg-Witten map to supersymmetri gauge
theories [49, 50℄. Another remarkable aspet of Seiberg-Witten gauge theory
is that it is sensitive to the representation of the gauge group. Due to this
grand unied theories do not have unique nonommutative analogs [51℄.
The rst attempt to quantize nonommutative eld theories in the ⋆-
produt representation was done in [52℄. This was done similar to the per-
turbative way interating ommutative eld theories are treated and Seiberg-
Witten gauge theories are mostly quantized using this method. However it is
not quite lear how the quantization of Seiberg-Witten gauge theory an be
done in a onsistent way sine the solution of the Seiberg-Witten equations
is not unique and other solutions are related by nonloal eld redenitions
[53℄. Nevertheless this was used in [54℄ to show that nonommutative abelian
gauge theory on the RNθ in the ⋆-produt representation is renormalizable.
The same was done for U(n) gauge groups up to one loop level in [55℄.
After this general introdution we begin to deal with ⋆-produts and the
representation of algebras by them. We begin with the denition and rst
properties like the semilassial limit and the equivalene of ⋆-produts with
respet to linear transformations on funtion spae. The semilassial limit
will be ruial to all appliations throughout this work. In this limit the
⋆-produts are in one-to-one orrespondene to Poisson strutures up to the
mentioned linear transformations on funtion spae. After that we start with
the representation of algebras dened by relations on funtion spaes and
alulate the Weyl-ordered ⋆-produt up to seond order. The Weyl-ordered
⋆-produt will be very important for us to give explit formulas in nonom-
mutative gauge theory. In the end we give losed formulas for ⋆-produts for
several algebras, mainly quantum spaes like M(soq(3)), M(soq(1, 3)) and
M(soq(4)). For this we generalize the Moyal-Weyl produt with the help
of ommuting vetor elds and give a method how to alulate this type of
⋆-representation for relation-dened algebras. It will beome lear that a big
amount of the information we have about the algebra is already ontained in
the Poisson struture of the ⋆-produt.
The purpose of hapter 3 is to relate nonommutative dierential ge-
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ometry and ⋆-produt algebras. After a short introdution to aspets of
nonommutative dierential geometry we need later, we apply the ⋆-produt
formalism to the ommuting frame formalism developed in [6℄. We will see
that in the semilassial limit, an algebra with nononstant ommutator and
therefore nononstant Poisson struture will in general yield a urved bak-
ground. With the appliation of the ommuting frame formalism we are
now able to onstrut nonomutative spaes with interesting lassial limit.
The general onsiderations yield a system of partial dierential equations,
whih we an try to solve for ertain interesting geometries. In two dimen-
sions we are quite suessful and we are able to onstrut algebras for all
spaes of onstant urvature. In four dimensions this is not the ase, sine
the mentioned system of partial dierential equations is getting more and
more overdetermined in higher dimensions. At the end of the hapter we
give another very interesting appliation for ⋆-produts in nonommutative
geometry. We alulate rotational invariant Poisson strutures in four di-
mensions and quantize them with the help of ⋆-produts. On the resulting
algebra we onstrut a rst order dierential alulus having a frame for the
Shwarzshild metri as lassial limit.
We will see in hapter 3 that derivations are very useful for formulating
nonommutative geometry on quantized Poisson manifolds. In hapter 4
therefore we make general onsiderations about derivations of ⋆-produts. We
again ome to the onlusion that the important informations are inluded in
the semilassial limit of the ⋆-produt. Vetor elds in a sense ompatible
with the Poisson struture of the ⋆-produt and derivations are in one-to-one
orrespondene. We apply our results to the Formality ⋆-produt and the
Weyl-ordered ⋆-produt from the seond hapter. An alternative denition
of nonommutative forms will be later useful in ombination with Seiberg-
Witten gauge theory. To make ontat with physial appliation we introdue
traes on ⋆-produts at the end of the hapter. With them we start to
onstrut ations on nonommutative spaes having eld theories on urved
bakgrounds as lassial limit. As an example we give an nonommutative
ation being the deformation of φ4-theory on a spae of onstant urvature.
Chapter 5 is dediated to the appliation of ⋆-produts to nonommuta-
tive gauge theory. We start with a introdution to nonommutative gauge
theory and the speial ase of Seiberg-Witten gauge theory, a fomulation of
nonommutative gauge theory only possible in the ⋆-produt representation.
Only in Seiberg-Witten gauge theory at the moment it is possible to for-
mulate nonommutative analogs to general nonabelian gauge theories. Our
main purpose in the following is the extension of the Seiberg-Witten map
to derivations of ⋆-produts. Then we give a losed formula for the abelian
1. Introdution 7
Seiberg-Witten map for the Fomality ⋆-produt. The Seiberg-Witten map
for the Weyl-ordered ⋆-produt is alulated up to seond order. We relate
the resulting objets to the nonommutative forms introdued in the hapter
4. Now we are able to onstrut ations on nonommutative spaes invariant
under nonommutative gauge transformations. The ations have as lassi-
al limit a gauge theory on a urved bakground. We give an example of a
nonommutative version of eletrodynamis on a bakground with onstant
urvature. At the end we deal with observables of nonommutative gauge
theories. Most useful in this ontext are the so alled open Wilson lines in-
trodued in the ase of onstant ommutator. We will generalize them to
general ⋆-produt algebras. With these observables we are able to give a
formula for the inverse abelian Seiberg-Witten map on sympleti manifolds.
8 1. Introdution
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⋆-produts
The rst ⋆-produt emerged from Weyl's quantization proedure [35℄. As-
sume that f(qi, pj) is a funtion on a lassial phase spae and assoiate the
following operator with it
fˆ = Ω(f) =
∫
dnξ dnη f˜(ξ, η) e
i
~
(qˆ·ξ+pˆ·η). (2.1)
Here f˜(ξ, η) is the Fourier transform of f , the operators qˆi and pˆj should
fulll the anonial ommutation relations [qˆi, pˆj ] = i~δij . In this ase it is
possible to give an inverse operation
Ω−1(fˆ) =
∫
dnξ dnη Tr
(
fˆ e−
i
~
(qˆ·ξ+pˆ·η)
)
ei(q·ξ+p·η).
Here Tr is the trae on the Fok spae representation of the operator algebra.
Now one an pull bak the produt between two operators to a produt
between two funtions on phase spae
f ⋆M g = Ω
−1(Ω(f)Ω(g)),
whih yields the Moyal produt on lassial phase spae. If P IJ∂I ∧ ∂J
(∂I = (∂qi, ∂pj) ) is the Poisson struture of the lassial phase spae, i. e.
{f, g} = P IJ∂If∂Jg and {qi, pj} = δij , it is possible to write down an expliit
formula
f ⋆M g =
∞∑
n=0
(i~)n
2nn!
P I1J1 · · ·P InJn∂I1 · · ·∂Inf ∂J1 · · ·∂Jng (2.2)
for the Moyal produt. A good introdution to this is [36℄ and referenes
therein. The generalization of the above onstrution is alled deformation
quantization [37, 56℄, where one tries to quantize phase spaes by nding
appropriate ⋆-produts for funtions on phase spae.
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2.1 Denition and rst properties
The Moyal produt (2.2) is a speial ase of a ⋆-produt. To dene more
general ⋆-produts let M be an arbitrary (suiently smooth) nite dimen-
sional manifold. A ⋆-produt on M is an assoiative, C-linear produt on
the spae of funtions (with values in C) on M given by
f ⋆ g = fg +
h
2
B1(f, g) + (
h
2
)2B2(f, g) + · · ·
where f an g are two suh funtions and the Bi are bidierential operators
on M . The parameter h is alled deformation parameter. There is a natural
gauge group ating on ⋆-produts onsisting of C-linear transformations on
the spae of funtions
f → f + hD1(f) + h2D2(f) + · · ·
where the Di are dierential operators. They may be interpreted as a gener-
alization of oordinate transformations. If D is suh a linear transformation
it maps a ⋆-produt to a new ⋆-produt
f ⋆′ g = D−1(D(f) ⋆ D(g)). (2.3)
If one expands this equation in h one sees that a linear transformation D
ating on ⋆ only aets the symmetri part of B1
B′1(f, g) = B1(f, g) +D1(fg)− fD1(g)−D1(f)g
and one an show that the symmetri part of B1 may be aneled by a linear
transformation. For this we may assume B1 to be antisymmetri. Sine ⋆ is
assoiative, the ommutator
[f ⋆, g] = f ⋆ g − g ⋆ f = hB1(f, g) + · · ·
has to be a derivation
[f ⋆ g ⋆, h] = f ⋆ [g ⋆, h] + [f ⋆, h] ⋆ g.
Up to rst order this means that the antisymmetri part of B1 is a derivation
with respet to both funtions f and g. Additionally the Jakobi-identity is
fullled for the ommutator
[f ⋆, [g ⋆, h]] + [h ⋆, [f ⋆, g]] + [g ⋆, [h ⋆, f ]] = 0.
2. ⋆-produts 11
Up to seond order this implies that B1 is a Poisson struture
{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0
where {f, g} = B1(f, g). Therefore after a ertain linear transformation we
an always write on a loal path of the manifold (here loally {f, g} =
Πij∂if∂jg)
f ⋆ g = fg +
ih
2
Πij∂if ∂jg + · · ·
with
Πil∂lΠ
jk +Πkl∂lΠ
ij +Πjl∂lΠ
ki = 0 (2.4)
We have seen that ⋆-produts up to seond order are lassied by Poisson
strutures on the manifold. On the other hand, if there is a manifold with a
given Poisson struture {, } on it, it is possible to onstrut ⋆-produts with
f ⋆ g = fg +
ih
2
{f, g}+ · · · .
This was rst done for sympleti manifolds (manifolds with invertible Πij)
in [57, 58℄. In [38℄ a general onstrution for arbitrary Poisson manifolds has
been given (see also [59℄). It makes use of the so alled formality map that
we will use later for onstruting nonommutative gauge theories, too.
2.2 Algebras and ⋆-produts
Suppose we are taking RN as the manifold and parametrize it by N o-
ordinates xi. Then θij = const. (i, j = 1 · · ·N) learly fullls the Poisson
ondition (2.4). With a view to the original Moyal produt (2.2) we an
write down a ⋆-produt for this Poisson struture
f ⋆ g =
∞∑
n=0
(ih)n
2nn!
θi1j1 · · · θinjn∂i1 · · ·∂inf ∂j1 · · ·∂jng (2.5)
where f and g are funtions on RN . We will again all it Moyal-Weyl ⋆-
produt. A proof that it is really assoiative will be given in (2.3.1). Sine
[xi ⋆, xj ] = ihθij ,
the spae of funtions on RN together with the ⋆-produt forms a realization
of the algebra
A = C < xˆ1, · · · , xˆN > /([xˆi, xˆj]− ihθij).
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In opposite to the representation on a Hilbert spae we will all it a ⋆-produt
representation. Now the question arises if we an do the same with other
relation-dened algebras. We will see that this is possible if we invent an or-
dering desription. Other possibilities for relations are Lie algebra strutures
with
[xˆi, xˆj ] = ihC ijkxˆ
k, h, C ijk ∈ C
and quantum spae strutures [60, 61, 62, 22℄ with
xˆixˆj = qRijklxˆ
kxˆl, q = eh, Rijkl ∈ C
Instead of onsiderering these speial relations we will in the following
disuss a more general ase. We assume that the algebra A is generated by
N elements xˆi and relations
[xˆi, xˆj ] = cˆij(xˆ) = ih˜ˆcij(xˆ)
where we assume that the right hand side of this formula is ontaining a
parameter h, and is beoming in a sense small if this parameter approhes
zero. Mathematially more orret we have to use a h-adi expanded algebra
A = C < xˆ1, · · · , xˆN > [[h]]/([xˆi, xˆj ]− ih˜ˆcij(xˆ)) (2.6)
where it is possible to work with formal power series in h. Note that this kind
of algebras all have the Poinare-Birkho-Witt property sine a reordering
of two xˆi never aets the polynomials of same order in h. An algebra with
Poiare-Birkho-Witt property possesses a basis of lexiographially ordered
monomials. For an algebra generated by two elements xˆ and yˆ this means
that the monomials xˆnyˆm onstitute a basis. For example the algebra dened
by the relations [xˆ, yˆ] = xˆ2 + yˆ2 does not have this property. An example
of an algebra that is not inluded in the above three ases but fullling the
property (2.6) is given later in (3.3.2).
2.2.1 Algebra generator orderings
Note that Weyl's quantization proedure (2.1) does not make referene to
any algebra relation. So let us alulate what Weyl is doing on an algebrai
level with this formula. For this let
f(p) =
∫
dnx f(x)eipix
i
be the Fourier transform of f . Formally we get for a monomial in RN∫
dnxx1 · · ·xm eipixi = (−i∂pi1 ) · · · (−i∂pim )δ(p).
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The Weyl operator assoiated to a funtion f is dened by
W (f) =
∫
dnp
(2π)n
f(p)e−ipixˆ
i
(2.7)
(see e. g. [63℄). For a monomial we get
W (xi1 · · ·xim) = 1
m!
∂pi1 · · ·∂pim (pixˆi)m
and therefore the Weyl operator really maps monomials to the orresponding
symmetrial ordered polynomial in the algebra, e. g. for three generators
W (xixjxk) =
1
3!
(xˆixˆj xˆk + xˆixˆkxˆj + xˆkxˆixˆj + xˆj xˆixˆk + xˆj xˆkxˆi + xˆkxˆj xˆi).
A similar alulation may be done for normal ordering with the result that
N(f) =
∫
dnp
(2π)n
f(p)e−ip1xˆ
1 · · · e−ipnxˆn.
In the end we see that for alulating a ⋆-produt like Weyl we need a ordering
desription Ω that maps monomials in the oordinates xi to polynomials in
the algebra generators xˆi. Then the ⋆-produt is dened by
Ω(f ⋆Ω g) = Ω(f)Ω(g) (2.8)
for two funtions f and g. If we have used another ordering desription Ω′,
the resulting ⋆-produt is gauge equivalent to this ⋆-produt by the linear
transformation
D = Ω−1Ω′
sine
f ⋆Ω′ g = D
−1(D(f) ⋆Ω D(g)).
The hoie of dierent ordering desriptions is equivalent to taking a dierent
gauge of ⋆-produt.
For alulating the ⋆-produt in the onstant and Lie algebra ase with the
Weyl-ordering operator see e. g. [63℄. There a normal ordered ⋆-produt is
alulated for the Manin plane, too. For the inuene of ordering desriptions
in the onstant ase see e. g. [64℄. Many examples of ⋆-produts for algebras
and orresponding ordering desriptions are given in [65℄.
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2.2.2 Weyl-ordered ⋆-produts
In this setion we will alulate a ⋆-produt generated by symmetri order-
ing (2.7) of the generators of the algebra (2.6), the Weyl-ordered ⋆-produt
[66℄. The algebra of funtions equipped with the Weyl-ordered ⋆-produt is
isomorphi by onstrution to the nonommutative algebra it is based on.
With look to (2.8) we start with
f ⋆ g =
∫
dnk
(2π)n
∫
dnp
(2π)n
f(k)g(p)W−1(e−ikixˆ
i
e−ipixˆ
i
)
where we have used
W (eikix
i
) = eikixˆ
i
.
We are therefore able to write down the ⋆-produt of the two funtions if
we know the form of the last expression. For this we expand it in terms of
ommutators. We use
eAˆeBˆ = eAˆ+BˆR(Aˆ, Bˆ)
with
R(Aˆ, Bˆ) = 1 +
1
2
[Aˆ, Bˆ]
− 1
6
[Aˆ+ 2Bˆ, [Aˆ, Bˆ]] +
1
8
[Aˆ, Bˆ][Aˆ, Bˆ] +O(3).
If we set Aˆ = −ikixˆi and Bˆ = −ipixˆi the above mentioned expression be-
omes
W−1(e−ikixˆ
i
e−ipixˆ
i
) =
e−i(ki+pi)x
i
+
1
2
(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [xˆi, xˆj ])
−1
6
(−i)(km + 2pm)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi [[xˆm, [xˆi, xˆj ]])
+
1
8
(−ikm)(−ipn)(−iki)(−ipj)W−1(e−i(ki+pi)xˆi[xˆm, xˆn][xˆi, xˆj ])
+O(3).
If we assume that the ommutators of the generators are written in Weyl
ordered form
cˆij = W (cij),
we see that
[xˆm, [xˆi, xˆj]] = W (cml∂lc
ij) +O(3),
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[xˆm, xˆn][xˆi, xˆj ] = W (cmncij) +O(3).
Further we an derive
W−1(eiqixˆ
i
W (f)) = W−1
(∫
dnp
(2π)n
f(p)e−i(qi+pi)xˆ
i
R(−iqixˆi,−ipixˆi)
)
= e−iqix
i
(
f +
1
2
(−iqi)cij∂jf
)
+O(2).
Putting all this together yields
W−1(e−ikixˆ
i
e−ipixˆ
i
) = e−i(ki+pi)x
i
(
1 +
1
2
cij(−iki)(−ipj)
+
1
8
cmncij(−ikm)(−ipn)(−iki)(−ipj)
+
1
12
cml∂lc
ij(−i)(km − pm)(−iki)(−ipj)
)
+ O(3),
and we an write down the Weyl ordered ⋆-produt up to seond order for
an arbitrary algebra
f ⋆ g = fg +
1
2
cij∂if∂jg
+
1
8
cmncij∂m∂if∂n∂jg (2.9)
+
1
12
cml∂lc
ij(∂m∂if∂jg − ∂if∂m∂jg) +O(3).
Let us ollet some properties of the just alulated ⋆-produt. First
[xi ⋆, xj ] = cij
is the Weyl ordered ommutator of the algebra. Further, if there is a onju-
gation on the algebra and if we assume that the nonommutative oordinates
are real xˆi = xˆi, then the Weyl ordered monomials are real, too. This is also
true for the monomials of the ommutative oordinate funtions. Therefore
this ⋆-produt respets the ordinary omplex onjugation
f ⋆ g = g ⋆ f.
On the level of the Poisson tensor this means
cij = −cij .
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It is very instrutive to alulate the ation of a linear transformation
(2.3)
Ω = eΩ
m∂n+Ωmn∂m∂n+···
= 1 + (Ωm +
1
2
Ωn∂nΩ
m)∂m + (Ω
mn +
1
2
ΩmΩn)∂m∂n
+ · · ·
Ω−1 = e−Ω
m∂n−Ωmn∂m∂n−···
= 1− (Ωm − 1
2
Ωn∂nΩ
m)∂m − (Ωmn − 1
2
ΩmΩn)∂m∂n
+ · · ·
on the Weyl ordered ⋆-produt. We nd
Ω−1(Ω(f) ⋆ Ω(g)) = f ⋆ g
+
1
2
(cin∂nΩ
j − cjn∂nΩi − Ωn∂ncij) ∂if ∂jg
−2Ωij ∂if ∂jg
+ · · · .
The rst deviation is the Lie derivative of the vetor eld Ωi∂i for c
ij
. Later
we will ompare the Weyl ordered ⋆-produt to another one and give in this
ase an expliit formula for the transformation Ω.
2.2.3 Example: M(soa(n))
Here we will start the example of a quantum spae introdued in [25℄. Al-
though this quantum spae is ovariant under the quantum group SOa(n),
we will never use this property. We have taken it beause of its simple re-
lations. Further it has a nontrivial enter and there exist outer derivations
that will below serve as a useful example.
Sine we are using the n-dimensional generalisation introdued in [48,
47℄ we will simply all it SOa(n) ovariant quantum spae or abreviated
M(soa(n)). The relations of this quantum spae are
[x̂0, x̂i] = iax̂i for i 6= 0,
with a a real number. The xˆi simply ommute with eah other. In the
following of the example Greek indies will run from 0 to n − 1, whereas
Latin indies will run from 1 to n − 1. It is easy to see that the Poisson
tensor orresponding to the algebra is
cµν = iaxi(δµ0 δ
ν
i − δν0δµi ).
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Sine we are dealing here with the ase of a Lie algebra we surely have
W (cµν) = [xˆµ, xˆν ]. In this ase the Weyl ordered ⋆-produt takes the following
form (ompare [48℄)
f ⋆ g = fg +
ia
2
(
∂of x
i∂ig − xi∂if ∂og
)
−a
2
8
(
∂20f x
ixj∂i∂jg − 2∂0xi∂if ∂0xi∂ig + xixj∂i∂jf ∂20g
)
(2.10)
−a
2
12
(
∂20f x
i∂ig − ∂0f∂0 xi∂ig − ∂0xi∂if ∂og + xi∂if ∂20g
)
+O(a3).
We will ontinue the example when we have derivations of the ⋆-produt
algebra.
2.3 ⋆-produts with ommuting vetor elds
The ⋆-produts of the last setion are only given up to seond order and
we have not been able to derive losed formulas. Here we present a losed
formula for ⋆-produts that generalise the Moyal-Weyl-⋆-produt (2.5) in a
simple way. [67℄ We only have to replae the partial derivatives in the formula
by ommuting vetor elds, sine they have the same algebrai properties.
We will prove the assoiativity of this ⋆-produt and make onsiderations of
how to get desired algebra relations. After that we alulate ⋆-produts for
some examples like the so(3) Lie algebra and several quantum spaes.
2.3.1 Denition and proof of assoiativity
Let X be a vetor eld. Then it is easy to show that
X i(x)
∂
∂xi
(f(x) g(x)) = (X i(y)
∂
∂yi
+X i(z)
∂
∂zi
) (f(y)g(z))
∣∣∣∣
y→x,z→x
.
To write the last formula in a more ompat way we introdue the following
notation
X1f1g1 = (X2 +X3)f2g3|2→1,3→1 .
With this we an derive a kind of Leibniz rule
X l1f1g1 = (X2 +X3)
lf2g3
∣∣
2→1,3→1
P (X1)f1g1 = P (X2 +X3)f2g3|2→1,3→1
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where P is a polynomial in X . The last equation an also be written in the
form
P (X1)
(
f1g1|2→1,3→1
)
= P (X2 +X3)f2g3|2→1,3→1 . (2.11)
Let now be Xa = X
i
a∂i n ommuting vetor elds, i. e. [Xa, Xb] = 0.
Note that then loally always a oordinate system ya(x) may be found with
Xa = ∂ya . Globally this does not have to be the ase. Further let σ
ab
be a
onstant matrix. Then we dene a ⋆-produt via
(f ⋆ g)|1 = eσ
abXa2Xb3f2g3
∣∣∣
2=3=1
. (2.12)
This ⋆ produt is assoiative sine
(f ⋆ (g ⋆ h))|1 = eσ
abXa2Xb3f2
(
eσ
cdXc4Xd5g4h5
∣∣∣
4→3,5→3
)∣∣∣∣
2→1,3→1
= eσ
abXa2(Xb4+Xb5)f2e
σcdXc4Xd5g4h5
∣∣∣
4→3,5→3,2→1,3→1
= eσ
abXa1Xb2+σ
abXa1Xb3eσ
cdXc2Xd3f1g2h3
∣∣∣
2→1,3→1
and
((f ⋆ g) ⋆ h)|1 = eσ
abXa1Xb2
2
(
eσ
cdXc3Xd4f3g4
∣∣∣
3→1,4→1
)
h2
∣∣∣∣
2→1
= eσ
ab(Xa3+Xa4)Xb2eσ
cdXc3Xd4f3g4h2
∣∣∣
3→1,4→1,2→1
= eσ
abXa1Xb3+σ
abXa2Xb3eσ
cdXc1Xd2f1g2h3
∣∣∣
2→1,3→1
where in the seond step we used the relation (2.11). The two expressions
are equal sine the vetor elds ommute.
For future use we alulate the ⋆-ommutator
[f ⋆, g] =
(
eσ
abXa1Xb2 − eσabXa2Xb1
)
f1g2
∣∣∣
2→1
= 2 sinh(σabXa1Xb2)f1g2
∣∣
2→1
.
The last line is only valid for an antisymmetri matrix σ.
For the ase of two vetor elds, whih we all X1 = X and X2 = Y , we
write down the expliit formula for σ12 = h, σ21 = 0
f ⋆ g =
∞∑
n=0
hn
n!
(Xnf) (Y ng) (2.13)
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the asymmetri ⋆-produt and for σ12 = h
2
, σ21 = −h
2
f ⋆ g =
∞∑
n=0
hn
2nn!
n∑
i=0
(−1)i
(
n
i
)
(Xn−iY if) (X iY n−ig) (2.14)
whih yields the antisymmetri ⋆-produt. Both ⋆-produts have the same
Poisson tensor Π = X ∧ Y .
2.3.2 Linear transformations
If we have a ⋆-produt, we have seen that we simply an produe a new ⋆-
produt by a linear transformation on the spae of funtions (2.3). Suppose
that D is suh an invertible operator and that its expansion in derivatives
starts with 1. Additionally we now assume, that D is of the form
D = eτ(Xa) , D−1 = e−τ(Xa)
where τ is a polynomial of the vetor elds Xa. Then for the ⋆-produt (2.12)
we see that
f ⋆′ g = D−1(D(f) ⋆ D(g))
= e−τ(Xa1)
(
eσ
abXa2Xb3eτ(Xa2)f2e
τ(Xa3)g3
∣∣∣
2→1,3→1
)
= e−τ(Xa2+Xa3)+σ
abXa2Xb3+τ(Xa2)+τ(Xa3)f2g3
∣∣∣
2→1,3→1
.
For τ only quadrati in the Xa (note that τ
ab
2 is symmetri)
τ = τa1Xa +
1
2
τab2 XaXb
we have
τ(Xa1) + τ(Xa2)− τ(Xa1 +Xa2) = −τab2 Xa1Xb2
and the new ⋆-produt beomes
f ⋆′ g = e(σ
ab−τab
2
)Xa1Xb2
∣∣∣
2→1
So we see that the antisymmetri ⋆-produt (2.14) and the asymmetri ⋆-
produt (2.13) are related by a linear transformation in funtion spae.
As already mentioned loally ommuting vetor elds an be represented
by a oordinate transformation. It is very important that this need not to be
the ase globally. This is the reason that the algebras resulting from the ⋆-
produt are not isomorphi to the onstant ase algebra. We will see expliit
examples for this later.
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2.3.3 Dierenes to other ⋆-produts
The Poisson tensor of the above dened ⋆-produt (2.12) is Πij = σabX iaX
j
b
with σab antisymmetri. This we an plug into the formula of the Weyl
ordered ⋆-produt (2.9) and make a linear transformation. We an ompare
the result to the ⋆-produt (2.12). After some alulations we get
e−ρ
(
eρ(f) ⋆
Weyl
eρ(g)
)
= f ⋆σ g
with
ρ = 1 +
1
16
σabσcd(Xma ∂mX
i
c)(X
n
b ∂nX
j
d)∂i∂j
+
1
24
σabσcd(X iaX
j
cX
n
b ∂nX
k
d +X
k
aX
i
cX
n
b ∂nX
j
d +X
j
aX
k
cX
n
b ∂nX
i
d)∂i∂j∂k
+O(σ3).
Therefore this two ⋆-produts are equivalent at least up to seond order.
Later we will dene the Kontsevih ⋆-produt. This ⋆-produt an be
onstruted on every Poisson manifolds and proves that one is able to nd
a ⋆-produt for every Poisson struture. We were not able to show, that
there is a equivalene between the Kontsevih ⋆-produt and the ⋆-produt
onstruted by ommuting vetor elds. There may be obstrutions sine the
equivalene is dependent of the Poisson ohomology of the Poisson manifold.
2.3.4 Some examples in two dimensions
We alulate some examples in two dimensions with the asymmetri ⋆-produt
(2.13).
X = ax∂x , Y = ∂y
We get
[x ⋆, y] = ax,
the algebra of two dimensional a-eulidian spae. The algebra relations follow
from
x ⋆ x = x2,
x ⋆ y = xy + ax,
y ⋆ x = xy,
y ⋆ y = y2.
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X = (a+ bx)∂x , Y = (c+ dy)∂y
This is the general linear ase. We get
x ⋆ y = ebd(y +
c
d
) ⋆ (x+
a
b
),
whih follows from
x ⋆ x = x2,
x ⋆ y = ebd(y +
c
d
)(x+
a
b
),
y ⋆ x = xy,
y ⋆ y = y2.
X = a√
x2+y2
(x∂x + y∂y) , Y = x∂y − y∂x
These are the derivatives ∂r and ∂θ of the oordinate transformation x =
r cos θ, y = r sin θ. We get
[x ⋆, y] = a
√
x ⋆ x+ y ⋆ y,
whih follows from
x ⋆ x = x2 − axy
r
,
x ⋆ y = xy + a
x2
r
,
y ⋆ x = xy − ay
2
r
,
y ⋆ y = y2 + a
xy
r
.
X = a(x∂x + y∂y) , Y = x∂y − y∂x
This is a simpliation of the previous ase. We get
[x ⋆, y] = (tan a)(x ⋆ x+ y ⋆ y),
whih follows from
x ⋆ x = cos a x2 − sin a xy,
x ⋆ y = cos a xy + sin a y2,
y ⋆ x = cos a xy − sin a y2,
y ⋆ y = cos a y2 + sin a xy,
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x ⋆ x+ y ⋆ y = cos a (x2 + y2),
x ⋆ y − y ⋆ x = sin a (x2 + y2).
It is interesting that this algebra does not have the Poinare-Birkho-Witt
property for tan a = 1.
We have seen that even in this simple ases very rih strutures surfae.
But it is not quite lear what happens if we try to replae the formal param-
eter in the ⋆-produt expansion by a number. In the last ase we see, that
in this ase higher order relations an arise.
2.3.5 Realization of algebras
If we want to represent an algebra with the help of a ⋆-produt, we have
seen that this is possible if we use an ordering desription. In this setion we
propose an other method of how to alulate a ⋆-produt with the property,
that it reprodues the algebra relations of some desired algebra. With this
seond approah no ordering desription is needed. It is even not quite lear
in the end, if there would be an ordering desription that would yield the
same ⋆-produt with the rst approah.
We know that the ⋆-ommutator of a ⋆-produt is a Poisson tensor up to
rst order
[f ⋆, g] = h{f, g}+O(h2) = hΠ(f, g) +O(h2).
where Π is the Possion-bivetor of the Poisson struture. If we would have
a ⋆-produt that reprodues the algebra relations, the right hand side of the
previous equation would be a polynomial in the generators of the algebra, i.
e.
[xi ⋆, xj ] = hcij⋆ (x).
The ⋆ in the index of cij⋆ indiates that all produts between the oordinate
funtions in it are ⋆-produts. To alulate the leading order of cij⋆ (x) it is not
neessary to know the expliit form of the ⋆-produt, sine it always starts
with the ordinary produt of funtions. We an onlude that
{xi, xj} = Πij = cij(x), (2.15)
For the speial ase for the ⋆-produts (2.12) it is
Π = σabXa ∧Xb.
If we are able to write a general Poisson bivetor in this form, we an try
to reonstrut the algebra relations with the help of the ⋆-produts (2.12).
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For this let f be a funtion and Xf = {f, ·} the Hamiltonian vetor eld
assoiated to f . Then the ommutator of vetor elds is
[Xf , Xg] = X{f,g},
due to the Jakobi identity of the Poisson braket. If we an nd funtions
with
{fi, gj} = δij , {fi, fj} = 0, {gi, gj} = 0,
this implies that all ommutators between the assoiated Hamiltonian vetor
elds vanish. Now one an dedue from the splitting theorem for Poisson
manifolds [68℄ that this is possible in a neighborhood of a point if the rank of
the Poisson tensor is onstant around this point. Sine we do not want to nd
a ⋆-produt on RN , but a ⋆-produt with ertain ommutation relations, we
an redue RN by the set of points where the rank of the Poisson tensor jumps
and we have a good hane to nd funtions with the desired properties on
the new manifold. In this ase we an write the Poisson tensor as
Π =
∑
i
Xfi ∧Xgi.
In the following we will nd funtions fi anf gi for Poisson tensors of several
algebras and will use the orresponding Hamiltonian vetor elds in the ⋆-
produts (2.12). We will alulate the resulting algebra relations from the
⋆-produt and ompare them to the original algebra relations.
2.3.6 The quantum spae M(soa(n))
We will start our examples by giving a losed formula for a seond ⋆-produt
for the quantum spae introdued in (2.2.3). It is losely related to the ⋆-
produt for the two dimensional a-eulidean spae given above. As manifold
we take RN with oordinates x0 and xi with i = 1, . . . , N − 1 and use the
asymmetri ⋆-produt (2.13) with the two vetorelds
X = iaxi∂i, Y = ∂o.
With this we get
[xi ⋆, x0] = iaxi,
the algebra of M(soa(n)). The algebra relations follow from
xi ⋆ xj = xixj ,
xi ⋆ x0 = xix0 + iaxi,
x0 ⋆ xi = xix0,
y ⋆ y = y2.
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To show the usefulness of the approah proposed in the last setion we
now make a generalization of the above dened algebra. The new relations
are
[xˆα, xˆβ ] = i(aαxˆβ − aβxˆα)
where aα are now n deformation parameters. For this relations to be on-
sistent the Jaobi identities have to be fullled, whih easily an be proofed.
In this ase the ommuting vetor elds an not so easy guessed like in the
speial ase.
Sine the right hand side of the relation is linear and we are therefore
dealing with a Lie algebra the Poisson tensor assoiated with the algebra is
simple
{xα, xβ} = aαxβ − aβxα.
If we want to nd ommuting vetor elds that reprodue this Poisson tensor
we now follow the way outlined in the previous setion. The rank of this
matrix is 2. Therefore we have to nd two funtions fullling {f, g} = 1. We
make a guess and dene
f = aαxα x˜α = xα − a
αaβ
a2
xβ
with a2 = aαaα. These funtions have ommutation relations very similar to
the speial ase of M(soa(n)).
{f, x˜α} = a2x˜α {x˜α, x˜β} = 0
If we dene g = 1
a2
ln
√
x˜αx˜α we see that
{f, g} = 1 (2.16)
and the desired funtions are found. The ommuting vetor elds are now
easy alulated
X = {f, ·} = a2xβ∂β − (aαxα)aβ∂β
Y = {·, g} = − 1
a2
aβ∂β
In this ase we are luky sine no singularities have shown up and the ⋆-
produt an be dened on whole R
n
. Again we may use the asymmetri
⋆-produt (2.13) and see that the algebra relations are reprodued.
2. ⋆-produts 25
2.3.7 q-deformed Heisenberg algebra
If we take the q-deformed Heisenberg algebra [60℄ in two dimensions
xˆyˆ = qyˆxˆ+ θ
we very easily an alulate a ⋆-produt in h = ln q and θ. The Poisson
tensor Π is
Π = (xy +
θ
h
)∂x ∧ ∂y.
We see that with f = ln(xy + θ
h
) and g = ln y
{f, g} = 1.
The Hamiltonian vetor elds are
X = Xf = y∂y − x∂x, Y = Xg = −(x+ θ
hy
)∂x.
To alulate the ⋆-produts we note
Xn(x) = (−1)nx, Xn(y) = y,
Y n(x) = (−1)n(x+ θ
hy
) for n > 0, Y n(y) = δn,0y.
For the asymmetri ⋆-produt (2.13) this yields
x ⋆ y = xy,
y ⋆ x = e−hxy + (e−h − 1) θ
h
.
For the antisymmetri ⋆-produt (2.14) we get
x ⋆ y = e
h
2xy + (e+
h
2 − 1) θ
h
,
y ⋆ x = e−
h
2xy + (e−
h
2 − 1) θ
h
.
Both ⋆-produts have therefore the algebra relation
x ⋆ y = ehy ⋆ x+ (eh − 1) θ
h
and by a redenition of θ the original alegebra relations are reprodued.
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2.3.8 The Lie algebra so(3)
First try
The algebra relations of the eveloping algebra of so(3) are [xˆi, xˆj] = iǫijkxˆk.
The orresponding poisson tensor is
Π = ix∂y ∧ ∂z + iy∂z ∧ ∂x + iz∂x ∧ ∂y.
For f = −i arctan x
y
we have {z, f} = 1. The Hamiltonian vetor elds are
X = Xf = −∂z + z
x2 + y2
(x∂x + y∂y),
Y = Xz = i(y∂x − x∂y).
We alulate (ρ =
√
x2 + y2)
Y n(z) = δn0z, Xn(z) = δn0z + δn1,
Y 2n(x) = (−1)nx, Y 2n+1(x) = −(−1)ny,
Y 2n(y) = (−1)ny, Y 2n+1(y) = (−1)nx,
X(x) = −x z
ρ2
, Y (y) = −y z
ρ2
,
Xn(x) = x(1 +
z2
ρ2
)fn(ρ, z), X
n(y) = y(1 +
z2
ρ2
)fn(ρ, z),
f2 = − 1
ρ2
, fn+1 =
z
ρ2
fn + ∂zfn − z
ρ
∂ρfn,
f3 =
z
ρ4
, f4 =
1
ρ4
(1 +
5z2
ρ2
).
If we transform to the x+, x−oordinate system we are now able to alulate
the ommutator of x+and x−and get
[x+ ⋆, x−] = 2
∞∑
n=0
h2n+1
(2n + 1)!
∞∑
i=0
(
n
i
)
(X ix+)(Xn−ix−)
= −2hz + h
3
6
(1 +
z2
ρ2
)(
4z
ρ2
) +O(h5).
In this ase the original algebra relations are not reprodued.
Seond try
After a linear basis transformation we now an start with the algebra relations
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[zˆ, xˆ+] = xˆ+, [zˆ, xˆ−] = −xˆ−, [xˆ+, xˆ−] = zˆ.
With f = ln x−we have {f, z} = 1. The Hamiltonian vetor elds beome
now
X = Xf = ∂z − z
x−
∂+, Y = Xz = x
+∂+ − x−∂x−.
Therefore
Xn(z) = δn0z + δn1, Y n(z) = δn0z,
Xn(x+) = −δn1 z
x−
+ δn0x+ − δn2 1
x−
, Y n(x+) = x+,
Xn(x−) = δn0x−, Y n(x−) = (−1)nx−.
and with the asymmetri ⋆-produt (2.13) we get
z ⋆ x+ = zx+ + hx+, x+ ⋆ z = x+z,
z ⋆ x− = zx− − hx−, x− ⋆ z = x−z,
x+ ⋆ x− = x+x− + hz − h
2
2
, x− ⋆ x+ = x+x−.
and therefore
[z ⋆, x+] = hx+, [z ⋆, x−] = −hx−, [x+ ⋆, x−] = hz − h
2
2
.
With z˜ = z − h
2
now the orret algebra relations are reprodued.
2.3.9 The quantum spae M(soq(3))
Here we give as a seond example the ⋆-produt for the quantum spae
M(soq(3)) invariant under the quantum group SOq(3). [21℄ The algebra re-
lations in the basis adjusted to the quantum group terminology are
zˆxˆ+ = q2xˆ+zˆ, zˆxˆ− = q−2xˆ−zˆ, [xˆ−, xˆ+] = (q − q−1)zˆ2.
For the ommutators we get
[zˆ, xˆ+] = (q2 − 1)xˆ+zˆ, [zˆ, xˆ−] = (q2 − 1)xˆ−zˆ, [xˆ−, xˆ+] = (q − 1
q
)zˆ2
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and therefore the Poisson brakets are
{z, x+} = 2zx+, {z, x−} = −2zx−, {x−, x+} = 2z2.
For f = ln x−and g = 1
2
ln z we have {f, g} = 1 and the Hamiltonian vetor
elds beome
Xf = 2z∂z +
2z2
x−
∂+, Xg = x
+∂+ − x−∂−.
For the ⋆-produt we try now
X = z∂z +
αz2
x−
∂+, Y = x
+∂+ − x−∂−.
We have
Y n(x+) = x+, Y n(x−) = (−1)nx−, Y n(z) = δn,0z,
Xn(x−) = δn,0x−, Xn(z) = z,
Xn(x+) = α2n−1
z2
x−
for n > 0.
For the asymmetri ⋆-produt (2.13) we alulate
x+ ⋆ z = x+z, z ⋆ x+ = ehx+z,
x− ⋆ z = x−z, z ⋆ x− = e−hx−z,
x+ ⋆ x− = x+x− +
α
2
(e−2h − 1)z2, x− ⋆ x+ = x+x−,
z ⋆ z = z2
and get algebra relations
z ⋆ x+ = ehx+ ⋆ z, z ⋆ x− = e−hx− ⋆ z, [x+ ⋆, x−] =
α
2
(e−2h − 1)z ⋆ z.
If we set
q = e
h
2 , α =
2q2
q + 1
q
this reprodues the algebra relations.
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For the antisymmetri ⋆-produt (2.14) we alulate
x+ ⋆ z = e−
h
2x+z, z ⋆ x+ = e
h
2 x+z,
x− ⋆ z = e
h
2x−z, z ⋆ x− = e−
h
2x−z,
x+ ⋆ x− = x+x− +
α
2
(e−h − 1)z2, x− ⋆ x+ = x+x− + α
2
(eh − 1)z2,
z ⋆ z = z2.
The algebra relations now are
z ⋆ x+ = ehx+ ⋆ z, x−z ⋆ x− = e−hx− ⋆ z, [x+ ⋆, x−] = −α
2
(eh − e−h)z ⋆ z.
Here we an reprodue the algebra relations when we set
q = e
h
2 , α = − 2
q + 1
q
.
2.3.10 The quantum spae M(soq(1, 3))
We try to generalize the previous example and start with the more general
ommuting vetor elds
X = z∂z +
1
x−
(αz2 + βz)∂+, Y = x
+∂+ − x−∂−.
The only relation, that is hanged is
Xn(x+) =
1
x−
(2n−1αz2 + βz)
and we alulate with the antisymmetri ⋆-produt (2.14)
x+ ⋆ z = e−
h
2x+z, z ⋆ x+ = e
h
2x+z,
x− ⋆ z = e
h
2x−z, z ⋆ x− = e−
h
2x−z,
z ⋆ z = z2,
x+ ⋆ x− = x+x− +
α
2
(e−h − 1)z2 + β(e−h2 − 1)z,
x− ⋆ x+ = x+x− +
α
2
(eh − 1)z2 + β(eh2 − 1)z.
The relations beome
z ⋆ x+ = ehx+ ⋆ z, z ⋆ x− = e−hx− ⋆ z,
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[x+ ⋆, x−] = −α
2
(eh − e−h)z ⋆ z +−β(eh2 − e−h2 )z.
The algebra relation of M(soq(1, 3)) are [21, 23℄
[tˆ, xˆi] = 0,
[xˆ−, xˆ+] = (q − 1
q
)(zˆ2 − tˆzˆ),
zˆxˆ+ = q2xˆ+zˆ + (1− q2)tˆxˆ+,
zˆxˆ− = q−2xˆ−zˆ + (1− q−2)tˆxˆ−.
We an dene
˜ˆz = zˆ − tˆ and get new relations
[tˆ, xˆi] = 0,
[xˆ−, xˆ+] = (q − 1
q
)(˜ˆz
2
+ tˆ˜ˆz),
˜ˆzxˆ+ = q2xˆ+˜ˆz,
˜ˆzxˆ− = q−2xˆ−˜ˆz.
These relations are reprodued by the ⋆-produt if we set
q = e
h
2 α = − 2
q+ 1
q
, β = −1.
2.3.11 The quantum spae M(soq(4))
The algebra relations of M(soq(4)) are [20, 69℄
xˆ1xˆ2 = qxˆ2xˆ1, xˆ1xˆ3 = qxˆ3xˆ1,
xˆ3xˆ4 = qxˆ4xˆ3, xˆ2xˆ4 = qxˆ4xˆ2,
xˆ2xˆ3 = xˆ3xˆ2, [xˆ4, xˆ1] = (q − 1
q
)xˆ2xˆ3.
The Poisson brakets are
{x1, x2} = x1x2, {x2, x4} = x2x4,
{x1, x3} = x1x3, {x3, x4} = x3x4,
{x2, x3} = 0, {x4, x1} = 2x2x3.
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Sine the Poisson tensor has two Casimir funtions, two vetor elds will
sue. We take
f = ln x2, g = ln x4,
{f, g} = 1,
X = Xf = x4∂4 − x1∂1, Y = Xg = −(x2∂2 + x3∂3) + 2x2x3
x4
∂1.
Therefore
Xn(x1) = (−1)nx1, Y n(x1) = δn0x1 + δni(−2)ix2x3
x4
,
Xn(x2) = δ
n0x2, Y
n(x2) = (−1)nx2,
Xn(x3) = δ
n0x3, Y
n(x3) = (−1)nx3,
Xn(x4) = x4, Y
n(x4) = δ
n0x4.
For the asymmetri ⋆-produt (2.13) we get
x1 ⋆ x2 = e
hx1x2, x2 ⋆ x1 = x1x2,
x1 ⋆ x3 = e
hx1x3, x3 ⋆ x1 = x1x3,
x1 ⋆ x4 = x1x4, x4 ⋆ x1 = x1x4 + (e
−2h − 1)x2x3,
x2 ⋆ x3 = x2x3, x3 ⋆ x2 = x2x3,
x2 ⋆ x4 = x2x4, x4 ⋆ x2 = e
−hx2x4,
x3 ⋆ x4 = x3x4, x4 ⋆ x3 = e
−hx3x4
whih yields the algebra relations
x1 ⋆ x2 = e
hx2 ⋆ x1, x1 ⋆ x3 = e
hx3 ⋆ x1,
x3 ⋆ x4 = e
hx4 ⋆ x3, x2 ⋆ x4 = e
hx4 ⋆ x2,
x2 ⋆ x3 = x3 ⋆ x2, [x1 ⋆, x4] = (e
−2h − 1)x2 ⋆ x3.
For the antisymmetri ⋆-produt (2.14) we alulate
x1 ⋆ x2 = e
h
2x1x2, x2 ⋆ x1 = e
−h
2x1x2,
x1 ⋆ x3 = e
h
2x1x3, x3 ⋆ x1 = e
−h
2x1x3,
x1 ⋆ x4 = x1x4 + (e
−h − 1)x2x3, x4 ⋆ x1 = x1x4 + (eh − 1)x2x3,
x2 ⋆ x3 = x2x3, x3 ⋆ x2 = x2x3,
x2 ⋆ x4 = e
h
2x1x2, x4 ⋆ x2 = e
−h
2x1x2,
x3 ⋆ x4 = e
h
2x1x3, x4 ⋆ x3 = e
−h
2x1x3
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and we get the relations
x1 ⋆ x2 = e
hx2 ⋆ x1, x1 ⋆ x3 = e
hx3 ⋆ x1,
x3 ⋆ x4 = e
hx4 ⋆ x3, x2 ⋆ x4 = e
hx4 ⋆ x2,
x2 ⋆ x3 = x3 ⋆ x2, [x1 ⋆, x4] = (e
h − e−h)x2 ⋆ x3.
In this ase the relations are exatly reprodued.
2.3.12 Fourdimensional q-deformed Fok spae
The algebra relations are [70, 71℄
xˆ1xˆ2 =
1
q
xˆ2xˆ1, yˆ1yˆ2 = qyˆ2yˆ1,
yˆ1xˆ2 = qxˆ2yˆ1, yˆ2xˆ1 = qxˆ1yˆ2,
yˆ1xˆ1 = q
2xˆ1yˆ1 + θ, yˆ2xˆ2 = q
2xˆ2yˆ2 + (q
2 − 1)xˆ1yˆ1 + θ.
The Poisson tensor beomes
{x1, x2} = −x1x2, {y1, y2} = y1y2,
{x2, y1} = −x2y1, {x1, y2} = −x1y2,
{y1, x1} = 2x1y1 + θ, {y2, x2} = 2(x1y1 + x2y2) + θ.
After some alulations we nd the desired funtions
f1 = − ln x1, f2 = 1
2
ln(2x1y1 + θ),
g1 = f2 − ln x2, g2 = 1
2
ln
2(x1y1 + x2y2) + θ
2x1y1 + θ
with {f1, f2} = 1, {g1, g2} = 1, the other brakets vanish. The Hamiltonian
vetor elds are
X1 = Xf1 = x2∂x2 + y2∂y2 +
2x1y1 + θ
x1
∂y1 , Y1 = Xf2 = x1∂x1 − y1∂y1 ,
X2 = Xg1 =
2(x1y1 + x2y2) + θ
x2
∂y2 , Y2 +Xg2 = x2∂x2 − y2∂y2 .
We alulate
Xn1 (x1) = δ
n0x1, Y
n
1 (x1) = x1,
Xn1 (x2) = x2, Y
n
1 (x2) = δ
n0x2,
Xn1 (y1) =
2n
x1
(x1y1 +
θ
2
) (n > 0), Y n1 (y1) = (−1)ny1,
Xn1 (y2) = y2, Y
n
1 (y2) = δ
n0y2,
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Xn2 (x1) = δ
n0x1, Y
n
2 (x1) = δ
n0x1,
Xn2 (x2) = δ
n0x2, Y
n
2 (x2) = x2,
Xn2 (y1) = δ
n0y1, Y
n
2 (y1) = δ
n0y1,
Xn2 (y2) =
2n
x2
(x1y1 + x2y2 +
θ
2
) for n > 0, Y n2 (y2) = (−1)ny2.
Sine we now have four vetor elds we use a generalization of the asymmetri
⋆-produt
f ⋆ g =
∞∑
n=0,m=0
hn+m
n!m!
(Xn1X
m
2 f) (Y
n
1 Y
m
2 g)
and get
x1 ⋆ x2 = x1x2, x2 ⋆ x1 = e
hx1x2,
y1 ⋆ y2 = y1y2, y2 ⋆ y1 = e
−hy1y2,
y1 ⋆ x2 = y1x2, x2 ⋆ x1 = e
−hx2y1,
y2 ⋆ x1 = e
hx1y2, x1 ⋆ y2 = x1y2,
x1 ⋆ y1 = x1y1, x2 ⋆ y2 = x2y2,
y1 ⋆ x1 = e
2hx1y1 +
e2h − 1
2
θ,
y2 ⋆ x2 = e
2hx2y2 + (e
2h − 1)x1y1 + e
2h − 1
2
θ.
The algebra relations for this ⋆-produt are
x1 ⋆ x2 = e
−hx2 ⋆ x1, y1 ⋆ y2 = e
hy2 ⋆ y1,
y1 ⋆ x2 = e
hx2 ⋆ y1, y2 ⋆ x1 = e
hx1 ⋆ y2,
y1 ⋆ x1 = e
2hx1 ⋆ y1 +
e2h − 1
2
θ,
y2 ⋆ x2 = e
2hx2 ⋆ y2 + (e
2h − 1)x1 ⋆ y1 + e
2h − 1
2
θ.
And we get the same relations as in the original algebra if we set
q = eh, θ′ =
2
q2 − 1θ.
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Chapter 3
Geometry
To study physis in the nonommutative realm, one replaes the ommutative
algebra of funtions on a spae with a nonommutative algebra. Suh a
replaement is generally ontrolled by a parameter so that in some limit we
an get bak a ommutative spae. The same we expet from theories built
an a nonommutative spae: In the ommutative limit they should redue to
a meaningful ommutative theory. ⋆-produts have shown to be very useful
tools for onstruting suh deformations sine their lassial limit is very
easily alulated. In this hapter we apply ⋆-produts to the ommuting
frame formalism developed in [6℄. For a nonommutative spae where the
ommutator of the oordinates is onstant, the ommutative limit of this
formalism is the usual at spaetime. For nonommutative spaes with more
ompliated, non-onstant ommutators this limit an be a urved manifold.
After a short introdution to nonommutative dierential geometry where
we x our notation, we will alulate the semi-lassial limit of the ommut-
ing frame formalism. In this limit we will see that the onstrution of a
Poisson tensor for a given frame redues to solving a ouple of dierential
equations. The deformation quantization of the Poisson tensor gives us a
⋆-produt and we have onstruted a nonommutative spae with desired
lassial limit. We give some examples and we will see that the formalism
works well in two dimensions, but has its restritions in four dimensions. In
the end we will onstrut Poisson strutures having the same symmetries as
the Shwarzshild metri. Here we are able to give a rst order dierential
alulus with the desired lassial limit.
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3.1 Nonommutative dierential geometry
Loally every manifold an be desribed by N oordinates xi. The set of
all derivations ating on funtions on the manifold forms a module over the
algebra of funtions. The partial derivatives ∂i form a basis for all these
derivations. Dual to the spae of derivations is the spae of one forms. The
dierentials dxi form a basis of this spae and they are dual to the partial
derivatives
dxi(∂j) = δ
i
j.
With help of the dierentials one is able to introdue the de Rham dierential
mapping funtions to one-forms
df = dxi∂if.
If one introdues higher order forms with the rule
dxidxj = −dxjdxi,
one an extend the de Rham dierential to a nilpotent graded derivation.
The dierential d and all higher order forms are the exterior algebra of the
manifold. One an show that the whole topology of the manifold is enoded
in the properties of d or the exterior algebra respetively.
In nonommutative geometry one replaes the ommutative algebra of
funtions on the manifold by an nonommutative algebra. Here we again
restrit ourself to algebras dened by relations
A = C < xˆ1, · · · , xˆN > /R. (3.1)
To nd something similar to dierential geometry one an go on and onstrut
dierential aluli to these type of algebras. Just like in the ommutatitve
ase a dierential alulus on A is a Z-graded algebra
Ω(A) =
⊕
r≥0
Ωr(A)
where the spaes Ωr(A) are A-bimodules with Ω0(A) = A. The elements of
Ωr(A) are alled r-forms. There is a linear map
dˆ : Ωr(A) → Ωr+1(A)
with the same properties as the ommutative dierential. It is nilpotent
dˆ2 = 0
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and graded
dˆ(ω1ω2) = (dˆω1)ω2 + (−1)rω1dˆω2 (3.2)
where ω1 ∈ Ωr(A) and ω2 ∈ Ω(A). Additionally we assume that dˆ generates
the spaes Ωr(A) for r > 0 in the sense that
Ωr+1(A) = A · dˆΩr(A) · A.
Using the Leibniz rule (3.2), every element of Ωr(A) an be written as a
linear ombination of monomials f(xˆ)dˆxˆi1 dˆxˆi2 · · · dˆxˆir . The ation of dˆ is
determined by
dˆ(f(xˆ)dˆxˆi1 dˆxˆi2 · · · dˆxˆir) = dˆ(f(xˆ))dˆxˆi1 dˆxˆi2 · · · dˆxˆir .
To onstrut a dierential alulus on the algebra A (3.1) one starts with
a rst oder dierential alulus, that means one restrits to the 1-forms and
the dierential
dˆ : A → Ω1(A).
The Leibniz rule (3.2) and the relationsR of the algebra have to be onsistent
with the bimodule struture of Ω1(A). In the following all relations will be
given in terms of ommutators [xˆi, xˆj] = cij(xˆ), therefore
[dˆxˆi, xˆj ] + [xˆi, dˆxˆj ] = dˆcij(xˆ).
For the higher order dierential alulus one has to go on in the same way.
The relations of the bimodule struture again have to be onsistent with
dˆ2 = 0 and the Leibniz rule.
3.2 Commuting frame formalism
Surely in ommutative dierential geometry one is not fored to use the
partial derivatives of the oordinates as basis for the spae of derivations.
One an also use a omoving frame
ea = ea
i∂i, (3.3)
where ea
i
is an invertible matrix. Here a = 1 · · ·N is an index numbering
the derivations of the frame. The dual frame is therefore (eν
aea
µ = δµν )
θa = eaµ(x)dx
µ.
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The dierential an be written only with this new basis elements
df = θaea(f).
These formulas all have global extensions to the whole manifold. To go on
we an restrit ourselves to speial dierential aluli related to derivations
of the algebra. The set of all derivations on the algebra is not any more a
module. But we an take a speial set of linear independent derivations eˆa
and introdue a rst order dierential alulus in the following way. The
spae of one forms should be a bimodule over the algbra generated by θˆa and
the dierential is dened by
dˆfˆ = θˆaeˆafˆ .
The omponents of the frame may be dened by
eˆaxˆ
α = eˆa
α.
Sine the eˆa are derivations it is onsistend to let the θˆ
a
ommute with all
generators of the algebra
xˆaθˆb = θˆbxˆa
The θˆa form a ommuting frame for the algebra. The dierential dˆ and the
forms θˆa onstitute a rst order dierential alulus on the algebra. To on-
strut an analog to the exterior algebra a higher order alulus is neessary.
As we have seen relations for the θˆa among themselves and dˆθˆain terms of
two forms have to be given in a onsistent way.
A very important struture for physial appliations is a metri on the
manifolds whih turns it into a (pseudo-) Riemannian manifold. It an be
shown that there always exists a dual frame
θa = eaµ(x)dx
µ
for whih the metri is onstant
gµνdx
µdxν = ηabθ
aθb = ηabe
a
µe
b
νdx
µdxν .
Note that there are many frames resulting in the same metri. If Mab(x) is
a loal SO(n) gauge transformation the metri stays the same if we use the
transformed frame
θ′a = Mab(x)θ
b. (3.4)
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With the above onstrution it is very easy to generalize this to the nonom-
mutative ase. We simply assume that the frame is always adapted to the
metri
gˆ = ηabθˆ
aθˆb.
If the derivations are all inner derivations
eˆafˆ = [λˆa, fˆ ], (3.5)
the algebra has to have a trivial enter, if the module of one forms should
have the same number of generators as in the ommutative ase. Otherwise
one is not able to nd enough linear independent derivations. We will all the
λˆa momentum maps. The omponents of the frame are now ommutators
eˆaxˆ
α = [λˆa, xˆ
α] = eˆa
α
and the dierential may be written as a ommutator with a one form
dfˆ = θˆaeˆafˆ = [θˆ
aλˆa, fˆ ].
We will all θˆ = θˆaλˆa the Dira operator of the dierential alulus. For a
Dira operator in the sense of [2℄ more onditions have to be fullled. It is
not lear how to generalize the notion of a loal frame transformation (3.4),
sine after that the frame will not ommute any more with funtions.
3.2.1 Semilassial limit of ⋆-produt representations
Here we assume that the nonommutative frame onsists of inner derivations
(3.5). If we have represented the algebra with a ⋆-produt then to rst order
the algebra relations dene a Poisson struture
[xα ⋆, xβ ] = h{xα, xβ}+ · · · = hΠαβ(x) + · · · .
Further there are funtions λa that orrespond to the momentum maps of
the algebra. We now have
{λa, f} = eaµ∂µf
and we an identify the funtions ea
µ
with the oframe of the rst setion.
In the semilassial limit there is diret orrespondene between a frame and
the momentum maps.
On the other hand one an ask the question if it is possible to onstrut
a Poisson struture and momentum maps that reprodue with the above
formalism a given frame. We know that
{λa, xµ} = Παµ∂αλa = eaµ (3.6)
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has to be fulllled. If we introdue the losed sympleti form ω = Π−1 we
an translate the last equation into
ωαβ = −(∂αλa)eaβ.
From this we derive two equations that have to be fulllled for λa and the
frame ea. ω has to be antisymmetri and losed
Sαβ = (∂αλa)e
a
β + (∂βλa)e
a
α = ωβα + ωαβ = 0,
dω = 0.
Sine the algebra has trivial enter it is neessary that the dimension of our
spae is even-dimensional N = 2M . The equation S = 0 has 1
2
N(N + 1)
and dω = 0 has
(
N
3
)
= 1
6
N(N − 1)(N − 2) omponents. Even in two
dimensions these are 3 partial dierential equations for the 2 funtions λa .
We see that in higher dimensions it will beome very diult to nd a frame
in whih the above system of equations may be solved. Further we are free
to make loal frame transformations and oordinate transformations on our
lassial manifold and there are no hints whih frame to use for quantizing
the geometry.
3.2.2 The at metri
First suppose we want to apply the formalism to the frame θa = δaαdx
α
.
Then for S = 0 we get
∂αλβ + ∂βλα = 0.
After some alulations one nds that
λα = cαβx
β + δα
is the most general solution. c is a onstant antisymmetri matrix and δα are
some onstants. For the inverse of Π this yields
ωαβ = cαβ,
whih is learly a losed form. We have reprodued the formalism with
onstant invertible Poisson tensor.
Seondly we want to investigate the ase of a holonomi frame θa =
∂αf
adxα. After a oordinate transformation one sees immediatly that now
λa = cabf
a + δa
3. Geometry 41
with c and δ again onstant. Therefore
ωαβ = ∂αf
a∂βf
bcab,
whih is again losed. The rst order formalism is invariant under oordinate
transformations, whih we ould have seen from the denitions of S and ω,
too.
3.2.3 Two dimensional examples
In the following we will apply the formalism to some two dimensional ex-
amples. We will see that it works quite well in this ase sine the equation
dω = 0 is fullled for all two forms in two dimensions.
Sphere
The metri of the sphere in polar oordinates is
ds2 = dϑ2 + sin2 ϑdϕ2.
The most obvious frame is
θ1 = dϑ, θ2 = sin ϑdϕ.
S = 0 yields
∂ϑλ1 + ∂ϑλ1 = 0,
∂ϑλ2 sinϑ+ ∂ϕλ1 = 0,
∂ϕλ2 + ∂ϕλ2 = 0.
Therefore
λ1 = −1
h
ϕ+ δ1, ∂ϑλ2(ϑ) =
1
h sinϑ
and ω may be alulated
ωϑϕ =
1
h
.
In two dimensions every two form is losed and therefore
{ϑ, ϕ} = h
fullls the Jaobi-identities. An algebra having this Poisson struture is the
Heisenberg algebra [ϑˆ, ϕˆ] = h in two dimensions. Sine the seond momen-
tum map λ2 is not a polynomial in the algebra generators a quantization of
this momentum map seems to be very unnatural.
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Constant urvature
It is known that all two dimensional spaes with onstant urvature an be
written in the following form (see e. g. [6℄)
ds2 = f 2(u, v)(du2 + dv2)
with
f =
1
1 + u2 + v2
sphere,
f =
1
1− u2 − v2 Poinare disk,
f =
1
v
Lobahewski plane.
For the sphere this are stereographi oordinates. We use the frame
θ1 = fdu, θ2 = fdv.
S = 0 yields
λ1 = −1
h
v + δ1, λ2 =
1
h
u+ δ2
and we an alulate
{u, v} = h
f
.
This Poisson braket easily may be generalized to algebra relations. All
the momentummaps are linear in the oordinates. Therefore they orrespond
to the algebra generators, no ordering ambiguity is present. For the sphere
in stereographi oordinates we get
[uˆ, vˆ] = h(1 + uˆ2 + vˆ2).
Sine we have started from the stereographi projetion of the sphere the
resulting algebra for the sphere makes no referene to the dierent topology.
The resulting algebra is a nonommutative sphere with a hole at the south
pole and in this sense a nonommutative plane with a non onstant metri.
Similar we get for the Poinare disk
{uˆ, vˆ} = h(1− uˆ2 − vˆ2)
and for the Lobahewski plane
{uˆ, vˆ} = hvˆ.
The resulting nonommutative Lobaheweski plane is known to the literature
[72℄.
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Metri with one translational symmetry
We start with the rather general ansatz
ds2 = ±e2ψ(r)dt2 + e2φ(r)dr2,
whih is invariant under translations t→ t+ c in the t diretion. We use the
frame
θt = eψdt, θr = eφdr.
S = 0 yields
λr =
1
h
t, ∂rλt(r) = −1
h
eφ−ψ
and the Poisson struture beomes
{t, r} = he−φ.
Two dimensional Shwarzshild
We speialise now to the ase of the t-r-slie through the Shwarzshild met-
ri. Here
e2ψ = 1− r0
r
, e2φ =
1
1− r0
r
and we get
{t, r} = h
√
1− r0
r
. (3.7)
This is well dened if we restrit the manifold to t ∈ R and r ≥ r0. In
the limit r → ∞ this Poisson struture tends to the onstant one. The
momentum maps are
λr =
1
h
t,
λt = −1
h
(1 + r0 ln(r − r0)).
We an write down an algebra whih has this Poisson braket as semilassial
limit
[tˆ, rˆ] = h
√
1− ro
rˆ
, (3.8)
where the square root is onsidered as a Taylor series in rˆ. This algebra may
be represented with a ⋆-produt onstruted out of the Poisson braket (3.7).
We will use the resulting algebra in (3.3.3) to onstrut a nonommutative
frame for the four dimensional Shwarzshild metri.
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Higher order dierential alulus
We want to onstrut a higher order dierential alulus for the algebra (3.8)
for
dˆfˆ = θˆr[λˆr, fˆ ] + θˆ
t[λt, fˆ ]
with
λˆr =
1
h
tˆ, λˆt = −1
h
(1 + r0 ln(rˆ − r0)).
First we alulate
dˆtˆ = θˆt
1√
1− r0
rˆ
, dˆrˆ = θˆr
√
1− r0
rˆ
.
With this we get (ρ(rˆ) = r0
2rˆ2
1√
1−
r0
rˆ
)
[tˆ, dˆtˆ] = h dˆtˆ ρ(rˆ), [rˆ, dˆtˆ] = 0,
[tˆ, dˆrˆ] = h dˆrˆ ρ(rˆ), [rˆ, dˆrˆ] = 0.
From this we derive
2dˆtˆ dˆtˆ = 4dˆtˆ dˆrˆ ρ′(rˆ),
dˆrˆ dˆtˆ + dˆtˆ dˆrˆ = 0,
dˆrˆ dˆtˆ + dˆtˆ dˆrˆ = dˆrˆ dˆrˆ ρ(rˆ),
dˆrˆ dˆrˆ = 0.
The rst ondition implies
0 = [tˆ, dˆtˆ dˆtˆ] = 4dˆtˆ dˆrˆ [tˆ, ρ′(rˆ)].
Therefore
dˆtˆ dˆrˆ = 0,
whih has not the desired lassial limit.
3.2.4 Metris in four dimensions
Although the formalism works well in two dimensions we will see that this
is not the ase in four dimensions. We tried to solve the system of partial
dierential equations for diverse physially interesting frames but we never
were really suessful.
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Shwarzshild metri
The best known form of the Shwarzshild metri is
ds2 = −(1− r0
r
)dt2 +
1
1− r0
r
dr2 + r2dΩ2.
Here the most obvious frame is
θt = eψdt, θr = e−ψdt,
θϑ = dϑ, θϕ = sin ϑdϕ,
with eψ =
√
1− ro
r
. Here the S = 0 equations have no solution for arbitrary
ψ exept ψ = 0. In another oordinate sytem the Shwarzshild metri
beomes [73℄
ds2 = −dt2 + (dxi − xi
√
2m
r3
dt)2.
A more general frame ist
θ0 = dt, θi = dxi − xif(r)dt,
with f =
√
2m
r3
. For general f again the S = 0 equations imply f = 0.
Kasner metri
One form of the Kasner metri is [73℄
ds2 = −dt2 + (dxi − pij
xj
t
dt)2.
To be more exible we start with the following frame
θ0 = dt, θi = dxi + P ij(t)x
jdt.
The S = 0 equations beome
∂0λ0 + ∂0λiP
i
jx
j = 0,
∂0λi + ∂iλlP
l
mx
m + ∂iλ0 = 0,
∂iλj + ∂jλi = 0.
From the last equation we dedue that
λi = cjk(t)x
k + δi(t).
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We make the ansatz
λx = −α(t)y λy = α(t)x λz = β(t),
P (t) =
 p(t) 0 0p(t) 0
q(t)

and the S = 0 equations redue to
α˙ = pα, β¨ = −qβ˙,
with
λ0 = −β˙z + γ.
The two form ω beomes
ω = −α˙(ydx− xdy) ∧ dt− αdx ∧ dy + β˙dz ∧ dt
= (xdy − ydx) ∧ dα− αdx ∧ dy + dz ∧ dβ.
It is not losed. To ure this problem we make a slight modiation
ω = (axdy − (1− a)ydx) ∧ α− αdx ∧ dy + dz ∧ dβ
with a some onstant. We get now
{z, x} = a α˙
αβ˙
x, {z, t} = − 1
β˙
,
{z, y} = a α˙
αβ˙
y, {x, y} = 1
α
.
If we use the denitions for the λa from above, we an alulate the oframe
{λa, xα} =

1 −a α˙
α
x −(1− a) α˙
α
y − β¨
β˙
z
0 1 0 −a α˙
β˙
y
0 0 1 (1− a) α˙
β˙
x
0 0 0 1
 .
The frame beomes
θ0 = dt,
θx = dx+ a
α˙
α
x dt,
θy = dy + (1− a) α˙
α
y dt,
θz = dz + (
β¨
β˙
− (a2 − (1− a)2) α˙
2
αβ˙
xy)dt
+
α˙
β˙
(aydx− (1− a)xdy.
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We see that with the ommuting frame formalism it is impossible to onstrut
a frame, beoming in the lassial limit the above given frame of the Kasner
metri.
In [74℄ a nonommutative version of the Kasner algebra was onstruted
using the ommuting frame formalismwe started from. To relate our example
to the one there we now further assume
a
α˙
α
=
p1
t
, (1− a) α˙
α
=
p2
t
.
Therefore
p1
a
=
p2
1− a α = t
p1
a .
Further we set
β¨
β˙
=
p3
t
,
so
β˙ = tp3 .
Now
α˙
β˙
=
p1
a
t
p1
a
−p3−1
and the frame beomes
θ0 = dt,
θx = dx+ p1
x
t
dt,
θy = dy + p1
1− a
a
y
t
dt,
θz = dz + p3
z
t
dt+ (a2 − (1− a)2)p
2
1
a2
t
p1
a
−p3xydt
+
p1
a
t
p1
a
−p3−1(aydx− (1− a)xdy).
The last term of θz has the same order of magnitude as the ordinary deviation
from the at metri in θx and θy.
With this solution the ommutation relations beome
{z, x} = p1t−p3−1x, {z, t} = t−p3,
{z, y} = 1− a
a
p1t
−p3−1y, {x, y} = t− p1a .
If one sets the parameters p1 and p3 to zero the above relations beome
onstant ommutator relations between the oordinates. If we let t go to
innity we an t the parameters p1,p3 and a in suh a way that all relations
vanish.
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3.3 SO(3)× T invariant Poisson strutures and
algebras
In this setion we try to onstrut algebras having the same symmetries
as the Shwarzshild metri. Meaning invariane under rotations and time
translations. For this we rst onstrut non-degenerate Poisson strutures
with these properties. Sine we know that every Poisson struture may be
quantized by a ⋆-produt we are able to write down all possible algebras with
trivial enter. We will see that these are quite unique. With the help of one
of these algebras, we propose a non-ommuting frame, that beomes in the
lassial limit a frame for the Shwarzshild metri.
3.3.1 The Poisson strutures
We start with following Ansatz
{xi, xj} = β(r, t)ǫijkxk,
{t, xi} = α(r, t)xi.
where i = x, y, z and r =
√
x2 + y2 + z2. These equations are obviously
ovariant under rotations. It would be invariant under translations in the t
diretion if α and β do not depend on t, but we keep them in this form to
be more general. The braket with a funtion f is
{xi, f} = −αxi∂tf + βǫijk∂jf,
{t, f} = αxi∂if.
With this the Jaobi identities are
{xi, {xj , xk}}+ y. = −α∂tβǫijkr2,
{t, {xj , xk}}+ y. = α(r∂rβ − β)ǫijkxk.
The brakets beome a Poisson struture if the right hand side of the above
equations vanishes. This is the ase if either
α = 0, β = β(r, t)
or
α = α(r, t), β = br,
where b is a onstant. In the rst ase t ommutes with all funtions. Only
in the seond ase, there is the possibility for all derivations to be inner
derivations. Therefore we will later restrit us to this ase.
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3.3.2 Algebras and isomorphisms
After quantization the Poisson strutures beome algebras. Note that in both
ases
{r, xi} = 0
and there is no ordering problem on the right hand side of the algebra rela-
tions if α and β do not depend on t. We will assume from now on that β
does not depend on tˆ . The rst ase is now
[xˆi, xˆj ] = β(rˆ)ǫijkxˆ
k, [tˆ, xˆi] = 0
with β 6= brˆ. If we dene sˆi = β−1(rˆ)xˆi these relations beome
[sˆi, sˆj] = ǫijksˆ
k, [x0, sˆi] = 0.
Therefore this algebra is isomorphi to U(su(2))× C.
The seond ase is
[xˆi, xˆj ] = brˆǫijkxˆ
k, [tˆ, xˆi] = α(rˆ, tˆ).
If we again dene sˆi = rˆ−1xˆi we get the onstraint sˆisˆi = 1. The relations
beome
[sˆi, sˆj ] = bǫijksˆ
k, [sˆi, rˆ] = 0,
[tˆ, sˆi] = 0, [tˆ, rˆ] = α(rˆ, tˆ)rˆ.
This algebra is isomorphi to Sb × C2 for α = 0 or Sb × A otherwise. For
b =
√
4
N2−1
and N an integer Sb is a fuzzy sphere with deformation parameter
b and has nite dimensional representations. A an be any two dimensional
algebra.
3.3.3 Rotational invariant metris with a minimal non-
ommuting frame
In the last setion we have seen that the seond algebra deomposes into a
three dimensional rotational ovariant algebra and a two dimensional algebra
for whih we an now use the algebra from Setion 3.2.3. The relations
beome now (xˆi = rˆsˆi, δij sˆ
isˆj = 1)
[sˆi, sˆj ] = bǫijksˆ
k, [sˆi, rˆ] = 0,
[tˆ, sˆi] = 0, [tˆ, rˆ] = he−φ(rˆ).
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We now use ve inner derivations to dene a frame
eˆ0i = [
sˆi
b
, ·]→ −ǫij kxj∂k,
eˆr = [λˆr, ·] = [ tˆ
h
, ·]→ e−φ∂r,
eˆt = [λˆt, ·]→ e−ψ∂t.
The arrows indiate the lassial limit. λˆt is dened in the lassial limit via
∂rλt(r) = −1
h
eφ−ψ.
In the lassial limit xiei = 0 and the derivations are linearly dependent. The
dual one forms to the eˆi are well known, they form the dierential alulus
on the fuzzy sphere. The dual forms of eˆr and eˆt are easily onstruted. The
lassial limit of these forms is
θˆi0 → −
1
r2
ǫijkx
jdxk,
θˆr → eφdr,
θˆt → eψdt.
We know
δij θˆ
i
0θˆ
j
0 → dΩ2.
We dene now some forms that do not ommute with funtions
θˆi = rˆθˆi0,
fˆ θˆi = θˆirˆ−1fˆ rˆ.
Only tˆ does not ommute with θˆi. With these forms we an now onstrut a
nonommutative version of the four dimensional metri
ds2 = −(θˆt)2 + (θˆr)2 + δij θˆiθˆj → −e2ψdt2 + e2φdr2 + r2dΩ2.
Note that dual to the θˆi are the following deformed derivations
eˆi = rˆ
−1[
sˆi
b
, ·]→ 1
r
ǫij
kxj∂k
with
eˆi(fˆ · gˆ) = eˆifˆ · gˆ + rˆ−1fˆ rˆ · eˆigˆ.
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The inner isomorphism dened by rˆ is
rˆ−1tˆrˆ = tˆ+ h
e−φ(rˆ)
rˆ
.
In the ase of the Shwarzshild metri this beomes
rˆ−1tˆrˆ = tˆ+
h
rˆ
√
1− ro
rˆ
.
Again this only makes sense if the spetrum of rˆ has no values smaller than
ro. In the limit r →∞ this tends to the identity.
If we dene the one form
θˆ = xˆiθˆi + λˆrθˆ
r + λˆtθˆ
t
it follows that (a = r, t)
[θˆ, fˆ ] = θˆieˆifˆ + θˆ
aeˆafˆ = dˆfˆ
θˆ is the Dira operator of the dierential alulus.
It would be nie to have a higher order dierential alulus for the rst
order one. To onstrut this we note that
[eˆi, eˆj] =
1
rˆ2
ǫij
keˆk,
[eˆt, eˆi] = 0,
[eˆr, eˆi] = (eˆr
1
rˆ
)rˆeˆi = −1
rˆ
eˆi,
[eˆr, eˆt] = −1
h
[e−ψ(rˆ), ·].
It is onsistent to dene
θˆiθˆj = −θˆj θˆi,
θˆaθˆi = −θˆiθˆa
and
dˆθˆk =
1
2rˆ2
ǫij
kθˆiθˆj +
1
rˆ
θˆrθˆk,
dˆθˆr = 0.
The laim dˆ2 = 0 redues to
dθˆteˆtfˆ − θˆaθˆbeˆbeˆafˆ = 0.
In (1.5.4) we have shown that this implies (θˆr)2 = (θˆt)2 = θˆrθˆt = θˆtθˆr =
dˆθˆt = 0. Again we are not able to extend the rst order dierential alulus
to a diernential alulus of higher order.
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Chapter 4
Derivations of ⋆-produts
We have seen that if we want to make nonommutative geometry in the ⋆-
produt formulation we have been very suessful interpreting derivations as
a nonommutative analog of frames. In the last hapter we used invertible
Poisson strutures, the resulting algebras therefore had trivial enter and all
derivations have been inner derivations. To be more general we now relax
our restritions and take degenerated Poisson strutures in onsideration.
Consequently the algebras will have entral elements. This is due to the fat
that in the lassial limit all vetor elds formed from the inner derivations
will ommute with the funtions assoiated to these entral elements. We
are fored to deal with outer derivations and in this hapter we rst will
examine derivations of ⋆-produts without referring to any abstrat algebrai
onstrution.
In the beginning we will introdue Kontsevih's Formality map [38℄ to
make some statements about derivations on quantized Poisson manifolds.
Then we will alulate the general form of derivations on the Weyl ordered
⋆-produt. Knowing the restritions and the form of the derivations we are
able to onstrut an interesting dierential alulus on the ⋆-produt algebra.
This will be used later to make ontat with Seiberg-Witten gauge theory.
After some onsiderations how to onstrut traes for ⋆-produt algebras
we are able to write down onsistent ations for nonommutative theories
beoming non abelian gauge theories on urved manifolds in the lassial
limit.
4.1 The Formality Map
Kontsevih's Formality map [38℄ is a very useful tool for studying the rela-
tions between Poisson tensors and ⋆-produts. To make use of the Formality
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map we rst want to reall some denitions. A polyvetor eld is a skew-
symmetri tensor in the sense of dierential geometry. Every n-polyvetor
eld α may loally be written as
α = αi1...in ∂i1 ∧ . . . ∧ ∂in .
We see that the spae of polyvetor elds an be endowed with a grading
n. For polyvetor elds there is a grading respeting braket that in a nat-
ural way generalizes the Lie braket [·, ·]L of two vetor elds, the Shouten-
Nijenhuis braket (see A.1). If π is a Poisson tensor, the Hamiltonian vetor
eld Hf for a funtion f is
Hf = [π, f ]S = −πij∂if∂j .
Note that [π, π]S = 0 is the Jakobi identity of a Poisson tensor.
On the other hand a n-polydierential operator is a multilinear map
that maps n funtions to a funtion. For example, we may write a 1-
polydierential operator D as
D(f) = D0f +D
i
1∂if +D
ij
2 ∂i∂jf + . . . .
The ordinary multipliation · is a 2-polydierential operator. It maps two
funtions to one funtion. Again the number n is a grading on the spae of
polydierential operators. Now the Gerstenhaber braket (see A.2) is natural
and respets the grading.
The Formality map is a olletion of skew-symmetri multilinear maps
Un, n = 0, 1, . . ., that maps n polyvetor elds to a m-dierential operator.
To be more spei let α1, . . . , αn be polyvetor elds of grade k1, . . . , kn.
Then Un(α1, . . . , αn) is a polydierential operator of grade
m = 2− 2n+
∑
i
ki.
In partiular the map U1 is a map from a k-vetoreld to a k-dierential
operator. It is dened by
U1(α
i1...in∂i1 ∧ . . . ∧ ∂in)(f1, . . . , fn) = αi1...in∂i1f1 · . . . · ∂infn.
The formality maps Un fulll the formality ondition [38, 75℄
Q′1Un(α1, . . . , αn) +
1
2
∑
I⊔J={1,...,n}
I,J 6=∅
ǫ(I, J)Q′2(U|I|(αI), U|J |(αJ)) (4.1)
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=
1
2
∑
i 6=j
ǫ(i, j, . . . , iˆ, . . . , jˆ, . . . , n)Un−1(Q2(αi, αj), α1, . . . , α̂i, . . . , α̂j, . . . , αn).
The hats stand for omitted symbols, Q′1(Υ) = [Υ, µ] with µ being ordinary
multipliation and Q′2(Υ1,Υ2) = (−1)(|Υ1|−1)|Υ2|[Υ1,Υ2]G with |Υs| being the
degree of the polydierential operator Υs, i.e. the number of funtions it is
ating on. For polyvetorelds α
i1...iks
s ∂i1 ∧ . . . ∧ ∂iks of degree ks we have
Q2(α1, α2) = −(−1)(k1−1)k2 [α2, α1]S.
For a bivetoreld π we an now dene a bidierential operator
⋆ =
∞∑
n=0
1
n!
Un(π, . . . , π)
i.e.
f ⋆ g =
∞∑
n=0
1
n!
Un(π, . . . , π)(f, g).
We further dene the speial polydierential operators
Φ(α) =
∞∑
n=1
1
(n− 1)!Un(α, π, . . . , π),
Ψ(α1, α2) =
∞∑
n=2
1
(n− 2)!Un(α1, α2, π, . . . , π).
For g a funtion, X and Y vetorelds and π a bivetoreld we see that
δX = Φ(X)
is a 1-dierential operator and that both φ(g) and Ψ(X, Y ) are funtions.
We now use the formality ondition (4.1) to alulate
[⋆, ⋆]G = Φ([π, π]S), (4.2)
[Φ(f), ⋆]G = −Φ([f, π]S), (4.3)
[δX , ⋆]G = Φ([X, π]S), (4.4)
[δX , δY ]G + [Ψ(X, Y ), ⋆]G
= δ[X,Y ]S +Ψ([θ, Y ]S, X)−Ψ([θ,X ]S, Y ), (4.5)
[Φ(π),Φ(g)]G + [Ψ(π, g), ⋆]G
= −δ[π,g]S −Ψ([θ, g]S, π)−Ψ([θ, π]S, g),
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[δX ,Φ(g)]G
= φ([X, g]S)−Ψ([θ, g]S, X)−Ψ([θ,X ]S, g). (4.6)
If π is Poisson, i. e. [π, π]S = 0 and if X and Y are Poisson vetor elds, i.
e. [X, π]S = [Y, π]S = 0, the relations (4.2) to (4.5) beome
f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h,
δHf (g) = −[Φ(f) ⋆, g],
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g), (4.7)
([δX , δY ]− δ[X,Y ]L)(g) = [Ψ(X, Y ) ⋆, g].
when evaluated on funtions. [·, ·] are now ordinary brakets. ⋆ denes
an assoiative produt, the Hamiltonian vetor elds are mapped to inner
derivations and Poisson vetor elds are mapped to outer derivations of the
⋆-produt. Additionally the map δ preserves the braket up to an inner
derivation. The last equation an be ast into a form whih we will use in
the denition of deformed forms in (4.3)
[δX , δY ] = δ[X,Y ]⋆
with
[X, Y ]⋆ = [X, Y ]L +HΦ−1Ψ(X,Y ).
For every Poisson manifold there not only exists a quantization with the For-
mality ⋆-produt, but additionally there is a deformation of the Lie braket
going with the derivations of this ⋆-produt.
4.2 Weyl-ordered ⋆-produts
The formality ⋆-produt is the obvious hoie if we start from a Poisson man-
ifold and therefore if we only need a ⋆-produt that reprodues the Poisson
struture to rst order. But starting from an algebra, we need a ⋆-produt
that reprodues the whole algebra, not just the Poisson struture. If we ex-
trat a Poisson struture from an algebra generated by nonommutative o-
ordinates fullling ertain ommutation relations, there's no way of knowing
if the formality ⋆-produt built from this Poisson struture will reprodue the
ommutation relations or not. For this purpose the Weyl ordered ⋆-produt
(2.2.2) is more suitable. In the following we will alulate the derivations for
this type of ⋆-produt.
We have shown that for the Formality ⋆-produt there exists a map δ
from the derivations of the Poisson manifold TπM = {X ∈ TM |[X, π]S = 0}
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to the derivations of the ⋆-produt T⋆M = {δ ∈ Tpoly|[δ, ⋆]G = 0}. Sine an
arbitrary ⋆-produt is equivalent to the Formality ⋆-produt, we an expet
that suh a map exists for every ⋆-produt. Here we state some fats, that
we an say about suh a map in general. For this we expand it on a loal
path in terms of partial derivatives
δX = δ
i
X∂i + δ
ij
X∂i∂j + · · · .
Due to its property to be a derivation, it is now easy to see that δX is
ompletely determined by the rst term δiX∂i. This means that if the rst
term is zero, the other terms have to vanish, too. If further e is an arbitrary
derivation of the ⋆-produt there must exist a vetor eld Xe suh that
δXe = e.
If X, Y ∈ TπM , then [δX , δY ] is again a derivation of the ⋆-produt and we
an onlude that
[δX , δY ] = δ[X,Y ]⋆, (4.8)
where [X, Y ]⋆ is a deformation of the ordinary Lie braket of vetor elds.
Obviously it is linear, antisymmetri and fullls the Jaobi identity.
We will now alulate δ and [·, ·]⋆ up to seond order for the Weyl ordered
⋆-produt. We assume that δX an be expanded in the following way
δX = X
i∂i + δ
ij
X∂i∂j + δ
ijk
X ∂i∂j∂k + · · · .
Expanding the equation
δX(f ⋆ g) = δX(f) ⋆ g + f ⋆ δX(g)
order by order and using [X, c]S = 0 we nd that
δX = X
i∂i − 1
12
clk∂kc
im∂l∂mX
j∂i∂j (4.9)
+
1
24
clkcim∂l∂iX
j∂k∂m∂j +O(3).
For [·, ·]⋆ we simply alulate [δX , δY ] and get
[X, Y ]⋆ = [X, Y ]L
− 1
12
(clk∂kc
im∂l∂mX
j∂i∂jY
n − clk∂kcim∂l∂mY j∂i∂jXn)∂n
+
1
24
(clkcim∂l∂iX
j∂k∂m∂jY
n − clkcim∂l∂iY j∂k∂m∂jXn)∂n
+O(3).
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4.3 Forms
Now we want to introdue nonommutative forms, whih will later be used
in Seiberg-Witten gauge theory (5.3). If we have a map δ from the Poisson
vetor elds to the derivations of the ⋆-produt, we have seen that there is
a natural Lie-algebra struture [·, ·]⋆ (4.8) over the spae of Poisson vetor
elds, the spae of derivations of the Poisson struture. On the spae of
derivations of the ⋆-produt we an easily onstrut the Chevalley ohomol-
ogy. Further, again with the map δ, we an lift derivations of the Poisson
struture to derivations of the ⋆-produt. Therefore it should be possible to
pull bak the Chevalley ohomology from the spae of derivations to vetor
elds. This will be done in the following.
A deformed k-form is dened to map k Poisson vetor elds to a funtion
and has to be skew-symmetri and linear over C. This is a generalization
of the undeformed ase, where a form has to be linear over the algebra of
funtions. Funtions are dened to be 0-forms. The spae of forms Ω⋆M is
now a ⋆-bimodule via
(f ⋆ ω ⋆ g)(X1, . . . , Xk) = f ⋆ ω(X1, . . . , Xk) ⋆ g. (4.10)
As expeted, the exterior dierential is dened with the help of the map δ.
δω(X0, . . . , Xk) =
k∑
i=0
(−1)i δXiω(X0, . . . , Xˆi, . . . , Xk)
+
∑
0≤i<j≤k
(−1)i+jω([Xi, Xj]⋆, X0, . . . , Xˆi, . . . , Xˆj, . . . , Xk). (4.11)
With the properties of δ and [·, ·]⋆ it follows that
δ2ω = 0.
To be more expliit we give formulas for a funtion f , a one form A and a
two form F
δf(X) = δXf,
δA(X, Y ) = δXAY − δYAX −A[X,Y ]⋆,
δF (X, Y, Z) = δXFY,Z − δY FX,Z + δZFX,Y ,
−F[X,Y ]⋆,Z + F[X,Z]⋆,Y − F[Y,Z]⋆,X .
A wedge produt may be dened
ω1 ∧ ω2(X1, . . . , Xp+q) = 1
p!q!
∑
I,J
ε(I, J)ω1(Xi1 , . . . , Xip) ⋆ ω2(Xj1, . . . , Xjq)
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where (I, J) is a partition of (1, . . . , p + q) and ε(I, J) is the sign of the
orresponding permutation. The wedge produt is linear and assoiative and
generalizes the bimodule struture (4.10). We note that it is no more graded
ommutative. We again give some formulas.
(f ∧ a)X = f ⋆ aX ,
(a ∧ f)X = aX ⋆ f,
(a ∧ b)X,Y = aX ⋆ bY − aY ⋆ bX .
The dierential (4.11) fullls the graded Leibniz rule
δ(ω1 ∧ ω2) = δω1 ∧ ω2 + (−1)k2 ω1 ∧ δω2.
4.4 Constrution of ations
All eld theories in physis may be formulated by an ation priniple. For
eld theories on a urved manifold the ation is of the form
S =
∫
dnx
√
gL(gij, φ, ∂iφ)
with g the determinant of the metri. L is a loal Lagrange density depending
on the elds and its partial derivatives. A simple examples is a single salar
eld φ. In this ase we have L = gij∂iφ∂jφ + p(φ) where p is a polynomial
in the eld φ. We an formulate the ation in the language of frames and in
this ase
S =
∫
dnx eL(φ, eaφ)
where ea are the vetorelds of the frame as dened in (3.3). Now e is the
determinant of the frame and in the example of the single salar eld the
Lagrange density beomes L = ηabeaφebφ+ p(φ).
If we do not want to give up the ation priniple we have to generalize the
notion of an ation funtional to nonommutative geometry. The generaliza-
tion of the Lagrange density is quite lear. We only have to replae the elds
by algebra elements and if we believe that the ommuting frame formalism
is the right one we an use derivations of the algebra as a substitute for the
frame of derivations .
What to use for the integral and the measure funtion e is not so lear
in the beginning. As an ation maps elds to numbers from an algebrai
point of view, the most obvious andidate is a trae on a representation of
the algebra. A trae is yli with respet to the produt of algebra elements
Tr fˆ gˆ = Tr gˆfˆ .
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Therefore it is possible to do partial integration with inner derivations
Tr [λˆ, fˆ ]gˆ = −Tr fˆ [λˆ, gˆ].
Another argument for using a trae omes from nonommutative gauge the-
ory (5.2): Suppose we have a eld invariant under the following transforma-
tion
δαˆφˆ = i[αˆ, φˆ],
then the trae of a polynomial in φˆ is invariant under this type of gauge
transformations. We will see in the following that the use of a trae in the
⋆-produt representation will solve the problem with the measure funtion
in a quite remarkable way.
4.4.1 Traes for ⋆-produts
If the algebra is in the ⋆-produt representation, the algebra elements are
funtions on some manifold and we are able to integrate them. But the
pure integral is not yli with respet to the ⋆-produt. To ure this we
introdue a measure funtion Ω and make the following ansatz for the trae
of the ⋆-produt
tr f =
∫
dnxΩ(x) f(x).
If we expand the equation of yliity∫
dnxΩ(x) [f(x) ⋆, g(x)] = 0
up to rst order we see that Ω has to fulll
∂i(ΩΠ
ij) = 0, (4.12)
where Πij is the Poisson struture orresponding to the ⋆-produt [f ⋆, g] =
hΠij∂if ∂jg + · · ·. It is known [76℄ that there is always a gauge equivalent
⋆-produt in the sense of (2.3) for whih yliity is guaranteed to all orders.
If the Poisson struture Πij is invertible then a solution to the equation
(4.12) an be given. In this ase the inverse of the Pfaan
1
Ω
= Pf(Π) =
√
det(Π) =
1
2nn!
ǫi1i2···i2nΠ
i1i2 · · ·Πi2n−1i2n
is the measure funtion.
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4.4.2 Commuting frames from inner derivations
Form (3.6) we know that in the ommuting frame formalism with inner
derivations ea
i = Πli∂lλa. In two dimensions we have
ea
i = Π12
( −∂2λ1 −∂1λ1
∂2λ2 ∂1λ2
)
,
e−1 = det(ea
i) = (Π12)2(∂1λ1 ∂2λ2 − ∂2λ1 ∂1λ2).
e−1 is the inverse of the measure funtion indued by the metri. On the
other hand the inverse of the measure funtion indued by the trae is
Ω−1 =
1
2
ǫijΠ
ij = Π12.
If we want these two measure funtions to be equal,
∂1λ1 ∂2λ2 − ∂2λ1 ∂1λ2 = 1
Π12
(4.13)
has to be fullled. This is not the ase in any of the examples from (3.2.3).
In four dimensons the measure funtion indued by the trae is
Ω−1 =
1
8
ǫijklΠ
ijΠkl = Π12Π34 − Π13Π24 +Π14Π23,
whih is quadrati in the elements of Π. Due to (3.6) the measure funtion
indued by the metri ontains monomials of order four. Again there are
onstraints of the form (4.13) if want the two funtions to be equal. This is
also the ase in higher dimensions.
4.4.3 Commuting frames and quantum spaes
We will now propose another method how to nd Poisson strutures with
ompatible frames. On several quantum spaes deformed derivations have
been onstruted [62, 21, 77℄. In many ases the deformed Leibniz rule may
be written in the following form
∂ˆµ(fˆ gˆ) = ∂ˆµfˆ gˆ + Tˆµ
ν(fˆ)∂ˆν gˆ,
where Tˆ is an algebra morphism from the quantum spae to its matrix ring
Tˆµ
ν(fˆ gˆ) = Tˆµ
α(fˆ)Tˆα
ν(gˆ).
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Again in some ases it is possible to implement this morphism with some
kind of inner morphism
Tˆµ
ν(fˆ) = eˆµ
afˆ eˆa
ν ,
where eˆa
µ
is an invertible matrix with entries from the quantum spae. If we
dene
eˆa = eˆa
µ∂ˆµ,
the eˆa are derivations
eˆa(fˆ gˆ) = eˆa(fˆ)gˆ + fˆ eˆa(gˆ).
The dual formulation of this with ovariant dierential aluli on quantum
spaes is the formalism with ommuting frames investigated for example in
[78, 5, 79, 6℄.
We an now represent the quantum spae with the help of a ⋆-produt.
For example, we an use the Weyl-ordered ⋆-produt we have onstruted
in setion 2.2.2. Further we an alulate the ation of the operators eˆa
on funtions. Sine these are now derivations of a ⋆-produt, their lassial
limits are neessarily a Poisson vetor elds ea for the Poisson struture of
the ⋆-produt and with (4.9) the derivations are represented by
eˆa = δea .
4.4.4 Example: M(soa(n))
Now we ontinue the example (2.2.3). As a speial frame we take the de-
formed ommuting derivations ating on the oordinates like
∂ˆoxˆ
0 = 1 + xˆ0∂ˆo,
∂ˆoxˆ
i = xˆi∂ˆo,
∂ˆixˆ
j = δji + xˆ
j ∂ˆi,
∂ˆixˆ
0 = (xˆ0 + ia)∂ˆi.
Note that the ∂ˆi are not derivations on the quantum spae. But we an apply
the proedure desribed previously. If we dene
ρˆ =
√∑
i
(xˆi)2
and assume that it is invertible, we an write the above formulas for ∂ˆi in
another way
∂ˆifˆ gˆ = ∂ˆifˆ · gˆ + ρˆ−1fˆ ρˆ · ∂ˆigˆ,
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sine
ρˆ−1xˆ0ρˆ = xˆ0 + ia, ρˆ−1xˆiρˆ = xˆi.
Therefore as we have seen
eˆo = ∂ˆ0, eˆi = ρˆ∂ˆi
is a frame on the quantum spae. The lassial limit of this is obviously
eo = ∂0, ei = ρ∂i.
The derivations (4.9) going with the Weyl ordered ⋆-produt are idential up
to third order
δ0 = ∂o +O(a3),
δi = ρ∂i +O(a3).
In the lassial limit we have n linear independent derivations and we an
apply the ommutating frame formalism. The forms dual to the derivations
are
θ0 = dt, θi =
1
ρ
dxi,
and the lassial metri (with ηab = diag(1,−1,−1, · · ·) ) beomes
g = ηabθ
aθb = (dx0)2 − ρ−2((dx1)2 + · · ·+ (dxn−1)2).
We know that we an write
(dx1)2 + · · ·+ (dxn−1)2 = dρ2 + ρ2dΩ2n−2,
where dΩ2n−2 is the metri of the n− 2 dimensional sphere. Therefore in this
new oordinate system
g = (dx0)2 − (d ln ρ)2 + dΩ2n−2
and we see that the lassial spae is a ross produt of two dimensional
Eulidean spae and a (n−2)-sphere. Therefore it is a spae of onstant non
vanishing urvature. Further we alulate that√
det g = ρ−(n−1)
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fullls the equation for the measure funtion (4.12) of the ⋆-produt trae.
Here we are luky and are able to write down ations for eld theories on
this speial quantum spae with the orret lassial limit. For example
S = Tr (ηαβ eˆαφˆ eˆbφˆ+m
2φˆ2 + aφˆ4)
=
∫
dnx
ρn−1
δoφ ⋆ δoφ− δiφ ⋆ δiφ+m2φ ⋆ φ+ aφ ⋆ φ ⋆ φ ⋆ φ
is a well dened ation with the ⋆-produt (2.10) and redues in the las-
sial limit to φ4-theory on above desribed manifold. We will ontinue this
example at (5.3.7), where we will have expliit formulas for the Seiberg-
Witten-maps and we are able to do gauge theory.
65
Chapter 5
Gauge theory
In this hapter we will investigate nonommutative gauge theory formulated
in the ⋆-produt formalism, where it is possible to formulate general non-
abelian gauge theories on nonommutative spaetime. Nonexpanded the-
ories an in general only deal with U(n)-gauge groups, but using Seiberg-
Witten-maps relating nonommutative quantities with their ommutative
ounterparts makes it possible to onsider arbitrary nonabelian gauge groups
[32, 63, 44℄.
The ase of an algebra with onstant ommutator has been extensively
studied. This theory redues in the lassial limit to a theory on a at
spaetime. Therefore it is neessary to develop onepts working with more
general algebras, sine one would expet that urved bakgrounds are re-
lated to algebras with nononstant ommutation relations. We present here
a method using derivations of ⋆-produts to build ovariant derivatives for
Seiberg-Witten gauge theory. Further we are able to write down a non-
ommutative ation by linking the derivations to a frame eld indued by
a nononstant metri as explaned in the last hapter. An example is given
where the ation redues in the lassial limit to salar eletrodynamis on
a urved bakground.
5.1 Classial gauge theory
First let us reall some properties of a general lassial gauge theory. A
non-abelian gauge theory is based on a Lie group with Lie algebra
[T a, T b] = i fabcT
c.
Matter elds transform under a Lie algebra valued innitesimal parameter
δαψ = iαψ, α = αaT
a
(5.1)
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in the fundamental representation. It follows that
(δαδβ − δβδα)ψ = δ−i[α,β]ψ. (5.2)
The ommutator of two onseutive innitesimal gauge transformation loses
into an innitesimal gauge transformation. Further a Lie algebra valued
gauge potential is introdued with the transformation property
ai = aiaT
a,
δαai = ∂iα+ i[α, ai]. (5.3)
With this the ovariant derivative of a eld is
Diψ = ∂iψ − iaiψ.
The eld strength of the gauge potential is dened to be the ommutator of
two ovariant derivatives
iFij = [Di, Dj] = ∂iaj − ∂jai − i[ai, aj].
The last equations an all be stated in the language of forms. For this a
onnetion one form is introdued
a = aiaT
adxi.
The ovariant derivative now ats as
Dψ = dψ − iaψ.
The eld strength beomes a two form
F = da− ia ∧ a.
We note that all this may be formulated with nite gauge transformations
g. They are related to the innitesimal gauge parameter by
g = eiα = eiαa(x)t
a
.
With this nite gauge transformations for the ovariant derivative and a eld
in the fundamental representation are
TgDµ = gDµg
−1,
Tgaµ = gag
−1 + ig∂µg
−1,
Tgψ = gψ.
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5.2 Nonommutative gauge theory
In a gauge theory on a nonommutative spae, elds should again transform
like (5.1)
δˆΛˆΨˆ = iΛˆΨˆ. (5.4)
It follows again that
(δˆΛˆδˆΓˆ − δˆΓˆδˆΛˆ)Ψˆ = δˆ−i[Λˆ,Γˆ]Ψˆ. (5.5)
Sine multipliation of a funtion with a eld is not again a ovariant
operation we are fored to introdue a ovariantizer with the transformation
property
δˆΛˆD(fˆ) = i[Λˆ, D(fˆ)]. (5.6)
From this it follows that
δˆΛˆ(D(fˆ)Ψˆ) = iΛˆD(fˆ)Ψˆ. (5.7)
If we ovariantize the oordinate funtions xˆi we get ovariant oordinates
Xˆ i = D(xˆi) = xˆi + Aˆ,i (5.8)
where the gauge eld now transforms aording to
δˆΛˆAˆ
i = −i[xˆi, Λˆ] + i[Λˆ, Aˆi]. (5.9)
Unlukily, this does not have a meaninful ommutative limit, a problem
that an only be xed for the anonial ase (i.e. [x̂i, x̂j] = iθij with θ a
onstant) and invertible θ.
For nonommutative algebras where we already have derivatives with a
ommutative limit, it therefore seems natural to gauge these. But due to their
nontrivial oprodut the resulting gauge eld would have to be derivative-
valued to math the rather awkward behaviour under gauge transformations.
The physial reason for this might be the following: The nonommutative
derivatives are in general built to redue to derivatives on at spaetime,
whih might not be the orret ommutative limit.
We therefore advoate a solution using derivations that will later on (see
setion 5.3.6) be linked to derivatives on urved spaetime:
If we have a derivation ∂ˆ, i. e. a map with the property
∂ˆ(fˆ gˆ) = (∂ˆfˆ)gˆ + fˆ(∂ˆgˆ)
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for arbitrary elements fˆ and gˆ of the algebra, we an introdue a nonom-
mutative gauge parameter Aˆ∂ˆ and demand that the ovariant derivative (or
ovariant derivation) of a eld
DˆΨˆ = (∂ˆ − iAˆ∂ˆ)Ψˆ
again transforms like a eld
δˆΛˆDˆΨˆ = iΛˆDˆΨˆ.
From this it follows that Aˆ∂ˆ has to transform like
δˆΛˆAˆ∂ˆ = ∂ˆAˆ∂ˆ + i[Λˆ, Aˆ∂ˆ]. (5.10)
This is the transformation property we would expet a nonommutative
gauge potential to have, and in the next setion we will show that for this
objet we an indeed onstrut a Seiberg-Witten map in a natural way. If we
have an involution on the algebra, we an demand that the gauge potential
is hermitian Aˆ∂ˆ = Aˆ∂ˆ . Additionally the eld Ψˆ transforms on the right hand
side. In this ase expressions of the form
ΨˆΨˆ and DˆΨˆDˆΨˆ
beome gauge invariant quantities.
5.3 Seiberg-Witten gauge theory
In [44℄ a method how to onstrut nonommutative non abelian gauge theo-
ries using Seiberg-Witten-maps was presented. In the ase of onstant Pois-
son struture treated there, it is possible to introdue the momenta via o-
variant oordinates: ∂i = [θ
−1
ij x
j , ·]. In general this approah does not yield
the desired lassial limit. The momentum operators have to be introdued
in another way. We will approah the problem by onsidering derivations of
⋆-produts.
5.3.1 Gauge transformations and derivations
If we have a look at (5.5), we see that the ommutator of two gauge transfor-
mations only loses into the Lie algebra in the fundamental representation of
U(n). For non abelian gauge groups, we are fored to go to the enveloping
algebra, giving us innitely many degrees of freedom. But this problem an
be solved using Seiberg-Witten maps [32, 44℄.
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The nonommutative gauge parameter and the nonommutative gauge
potential will be enveloping algebra valued, but they will only depend on
their ommutative ounterparts, therefore preserving the right number of
degrees of freedom. These Seiberg-Witten maps Λ, Ψ and D are funtionals
of their lassial ounterparts and additionally of the gauge potential ai.
Their transformation properties (5.6) and (5.7) should be indued by the
lassial ones (5.1) and (5.3) like
Λ̂β[a] + δ̂αΛ̂β[a] = Λ̂β[a + δαa],
Ψ̂ψ[a] + δ̂αΨ̂ψ[a] = Ψ̂ψ+δαψ[a+ δαa],
Â[a] + δ̂αÂ[a] = Â[a+ δαa].
The Seiberg-Witten maps an be found order by order using a ⋆-produt
to represent the algebra on a spae of funtions. Translated into this language
we get for the elds [44℄
δαΨψ[a] = iΛα[a] ⋆Ψψ[a]. (5.11)
From (5.11) we an derive a onsisteny ondition for the nonommuative
gauge parameter [43℄. Insertion into (5.5) and the use of (5.2) yields
iδαΛβ − iδβΛα + [Λα ⋆, Λβ] = iΛ−i[α,β]. (5.12)
The transformation law for the ovariantizer is now
δα(D[a](f)) = i[Λα[a] ⋆, D[a](f)]. (5.13)
We now want to extend the Seiberg-Witten-map to derivations of the ⋆-
produt. In the next setion we will see that we are able to identify deriva-
tions of a ⋆-produts with Poisson vetor elds of the Poisson struture as-
soiated with the ⋆-produt. To be more expliit, let us assume that X is a
Poisson vetor eld
X i∂i{f, g} = {X i∂if, g}+ {f,X i∂ig},
then we know that there exists a polydierential operator δX with the fol-
lowing property (see hapter 4.1 esp. (4.8) and 4.2)
δX(f ⋆ g) = δXf ⋆ g + f ⋆ δXg.
It is easy to see that all derivations of this kind exhaust the spae of deriva-
tions of the ⋆-produt. Sine the ommutator of two derivations is again a
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derivation we have onluded that there has to be a deformed Lie braket
[·, ·]⋆ with the following property
[δX , δY ] = δ[X,Y ]⋆ .
With help of the operator δX we an now introdue the ovariant deriva-
tive of a eld and the gauge potential in the following way
DX [a]Ψψ[a] = δXΨψ[a]− iAX [a] ⋆Ψψ[a]. (5.14)
It follows that the gauge potential has to transform like
δαAX [a] = δXΛα[a] + i[Λα[a] ⋆, AX [a]]. (5.15)
A eld strength may be dened
iFX,Y [a] = [DX [a] ⋆, DY [a]]−D[X,Y ]⋆ [a]. (5.16)
The properties of δ· and [·, ·]⋆ ensure that this is really a funtion and not a
polydierential operator
FX,Y [a] = δXAY [a]− δYAX [a]− i[AX [a] ⋆, AY [a]]− A[X,Y ]⋆ [a].
We are able to translate Seiberg-Witten gauge theory into the language
of the forms introdued in (4.3). AX is the onnetion one form A evaluated
on the vetor eld X . It transforms like
δαA = δΛα + iΛα ∧ A− A ∧ Λα.
The ovariant derivative of a eld Ψ is now
DΨ = δΨ− iA ∧Ψ,
and the eld strength beomes
F = DF = δA− iA ∧A.
One easily an show that the eld strength is ovariant onstant
DF = δF − iA ∧ F = 0.
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5.3.2 Finite Seiberg-Witten gauge transformations
Ii is interesting that nonommutative innitesimal and nite gauge transfor-
mations may be related like in the lassial ase. To show this let us rst
dene nonommutative nite gauge transformations similar to the lassial
ase [42℄
TgΨψ[a] = ΨTgψ[Tga] = Gg[a] ⋆Ψψ[a],
TgDX [a] = DX [Tga] = Gg[a] ⋆ DX [a] ⋆ Gg[a]
−1.
If we apply two onseutive gauge transformations on a eld
Tg2Tg1Ψψ[a] = Gg1[Tg2a] ⋆ (Gg2 [a] ⋆Ψψ[a]),
we an derive a onsisteny ondition for nite Seiberg-Witten gauge trans-
fomations
Gg1g2[a] = Gg1[Tg2a] ⋆ Gg2 [a].
Now we are able to relate nite and innitesimal gauge transformations. In
the lassial ase
Tgψ = e
iαψ = eδαψ
where δα is the ation of the innitesimal gauge transformation on the eld
ψ. We an use the same fomula to dene the nonommutative gauge trans-
formations
Geiα[a] ⋆Ψψ[a] = e
δα
⋆ ⋆Ψψ[a].
To get an expliit formula we note that
(δα − iΛα[a]) ⋆Ψα[a] = 0
and alulate
eδα⋆ ⋆Ψψ[a] = e
δα
⋆ ⋆ e
−δα+iΛα[a]
⋆ ⋆Ψψ[a]
= e
iΛα[a]+
i
2
δαΛα[a]+···
⋆ ⋆Ψψ[a]
where we have used the Baker-Campbell-Hausdor formula.
5.3.3 Enveloping algebra valued gauge transformations
Gauge theories on nonommutative spaes annot be formulated with Lie al-
gebra valued innitesimal transformations and therefore not with Lie algebra
valued gauge elds. To see this we assume that the nonommutative gauge
parameter is Lie algebra valued
αˆ = αˆaT
a,
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where the αˆa are elements of the algebra desribing the nonommutative
spae and the T a are generators of a Lie algebra with [T a, T b] = ifabcT
c
.
We have seen (5.5) that due to onsisteny the ommutator of two gauge
parameters again has to be a gauge parameter, but now
[αˆ, βˆ] =
i
2
{αˆaβˆb}fabcT a + 1
2
[αˆa, βˆb]{T a, T b}
where {, } denotes the antiommutator. All higher powers of the generators
T a of the gauge group may be reated in this way. Thus the enveloping
algebra of the Lie algebra seems to be a proper setting for nonabelian non-
ommutative gauge theory. In general this is not very attrative beause
the enveloping algebra is innite dimensional and onsequently requires an
innite number of gauge parameters and gauge potentials.
In Seiberg-Witten gauge theory, however, it is possible to restrit the
number of innitesimal enveloping algebra valued gauge parameters to the
usual ones [43℄. In this ase the gauge parameter depends on the Lie alge-
bra valued parameters and its derivatives of the orresponding ommutative
gauge theory. The onstrution of this kind of enveloping valued gauge pa-
rameter is based on the Seiberg-Witten map. We have seen that in Seiberg-
Witten gauge theory the gauge parameter Λα[a] is a funtional of the lassial
one α = αaT
a
and the lassial potential ai = aiaT
a
. We expand it order by
order in the expansion parameter
Λα[a] = Λ
0
α[a] + Λ
1
α[a] + · · · . (5.17)
Further it has to fulll the onsisteny ondition (5.12). If we plug (5.17)
into this equation we get to zeroth and rst order
iδαΛ
0
β − iδβΛ0α + [Λ0α,Λ0β] = iΛ0−i[α,β],
iδαΛ
1
β − iδβΛ1α + [Λ0α,Λ1β]− [Λ0β,Λ1α]− iΛ1−i[α,β] = −
1
2
cij [∂iΛ
0
α, ∂jΛ
0
β]
where we have assumed that we use as usual f ⋆ g = fg + 1
2
cij∂if∂jg + · · ·.
The rst equation is fullled by the ommutative gauge parameter. Sine
this yields additionally the orret lassial limit we set
Λ0α = α.
With this, a solution to the rst order equation is
Λ1α = −
i
4
cij{∂iα, aj} = − i
4
cij∂iαa ajb{T a, T b}.
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This is now obviously enveloping algebra valued. The solution is not unique,
sine a solution to the homogeneous part of the rst order equation may be
added.
We have made the above onsiderations only for the nonommutative
gauge parameter. It should be lear that the method an be extended to
the gauge potential with help of (5.15), to elds with (5.11) and to the
ovariantizer with (5.13). This will be done in (5.3.4) for the speial ase
of the Weyl-ordered ⋆-produt. Again all these solutions are not unique,
due to ohomologies indued by the homogeneous parts of the equations.
Other methods have to be used to restrit the possible solutions. In [54℄
this is done for the onstant ase by demanding that the resulting ation is
renormalizable up to all orders.
5.3.4 Seiberg-Witten map for Weyl-ordered ⋆-produt
With the methods developed in the last setion we will now present a on-
sistent solution for the Seiberg-Witten maps up to seond order for the Weyl
ordered ⋆-produt and non-abelian lassial gauge transformations. The so-
lutions have been hosen in suh a way that they reprodue the ones obtained
in [44℄ for the onstant ase. In the following we will use the Weyl-ordered
⋆-produt expanded order by order
f ⋆ g = fg + f ⋆1 g + f ⋆2 g + · · ·
with e. g.
f ⋆1 g =
1
2
cij∂if ∂jg.
Nonommutative gauge parameter
As we have seen we have to expand Λ in terms of the deformation parameter
Λα[a] = α + Λ
1
α[a] + Λ
2
α[a] + · · · .
To zeroth order the onsisteny ondition (5.12) is equal to the ommutative
one (5.2). Therefore, we already have set Λ0α = α.
To rst order we obtain
iδαΛ
1
β − iδβΛ1α + [α,Λ1β]− [β,Λ1α]− iΛ1−i[α,β] = −[α ⋆1, β]
= −1
2
cij[∂iα, ∂jβ]
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and to seond order
iδαΛ
2
β − iδβΛ2α + [αΛ2β]− [β,Λ2α]− iΛ2−i[α,β]
= −[α ⋆1, Λ1β]− [β ⋆1, Λ1α]− [Λ1α,Λ1β]− [α ⋆2, β]
= −1
2
cij [∂iα, ∂jΛ
1
β]−
1
2
cij [∂iβ, ∂jΛ
1
α]− [Λ1α,Λ1β]
−1
8
cmncij [∂m∂iα, ∂n∂jβ]− 1
12
cml∂lc
ij([∂m∂iα, ∂jβ]− [∂iα, ∂m∂jβ]).
A solution to this is
Λα[a] = α− i
4
cij{∂iα, aj}
+
1
32
cijckl
(
4{∂iα, {ak, ∂laj}} − 2i[∂i∂kα, ∂jal]
+2[∂jal, [∂iα, ak]]− 2i[[aj, al], [∂iα, ak]]
+i{∂iα, {ak, [aj, al]}}+ {aj, {al, [∂iα, ak]}}
)
+
1
24
ckl∂lc
ij
(
{∂iα, {ak, aj}} − 2i[∂i∂kα, aj]
)
+O(3).
Nonommutative matter eld
Now we derive formulas for elds that transforms aording to (5.11). We
again expand the nonommuting eld in terms of the deformation parameter
Ψψ[a] = ψ +Ψ
1
ψ[a] + Ψ
2
ψ[a] + · · · .
To rst order (5.11) redues again to the lassial transformation law (5.1).
To rst order we obtain
δαΨ
1
ψ − iαΨ1ψ = i
(
α ⋆1 ψ + Λ
1
αψ
)
= i
(
1
2
cij∂iα∂jψ + Λ
1
αψ
)
and to seond order
δαΨ
2
ψ − iαΨ2ψ = i
(
α ⋆2 ψ + α ⋆1 Ψ
1
ψ + Λ
1
α ⋆1 ψ + Λ
1
αΨ
1
ψ + Λ
2
αψ
)
= i
(1
8
cmncij∂m∂iα, ∂n∂jψ +
1
12
cml∂lc
ij(∂m∂iα∂jψ − ∂iα∂m∂jψ)
+
1
2
cij∂iα∂jΨ
1
ψ +
1
2
cij∂iΛ
1
α∂jψ + Λ
1
αΨ
1
ψ + Λ
2
αψ
)
.
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A solution for the nonommutative eld is
Ψψ[a] = ψ +
1
4
cij
(
2iai∂jψ + aiajψ
)
+
1
32
cijckl
(
4i∂iak∂j∂lψ − 4aiak∂j∂lψ − 8ai∂jak∂lψ
+4ai∂kaj∂lψ + 4iaiajak∂lψ − 4iakajai∂lψ
+4iajakai∂lψ − 4∂jakai∂lψ + 2∂iak∂jalψ
−4iaial∂kajψ − 4iai∂kajalψ + 4iai∂jakalψ
−3aiajalakψ − 4aiakajalψ − 2aialakajψ
)
+
1
24
ckl∂lc
ij
(
2iaj∂k∂iψ + 2i∂kai∂jψ + 2∂kaiajψ
−akai∂jψ − 3aiak∂jψ − 2iajakaiψ
)
+O(3).
Covariantizer
As in the preeeding ases we again expand the ovariantizer in terms of the
deformation parameter
D(f) = f +D1(f) +D2(f) + · · · .
Sine the transformation law (5.13) to zeroth order is trivial we an assume
that D starts with the identity. To rst order we get
δαD
1(f) = i[α ⋆1, f ] + i[α,D1(f)] =
i
2
cij[∂iα, ∂jf ] + i[α,D
1(f)]
and to seond order
δαD
2(f) = i[α ⋆2, f ] + i[α ⋆1, D1(f)] + i[Λ1α
⋆1, f ] + i[α,D2(f)] + i[Λ1α, D
2(f)]
=
i
8
cmncij [∂m∂iα, ∂n∂jf ] +
i
12
cml∂lc
ij([∂m∂iα, ∂jf ]− [∂iα, ∂m∂jf ])
+
i
2
cij[∂iα, ∂jD
1(f)] +
i
2
cij[∂iΛ
1
α, ∂jf ] + i[α,D
2(f)] + i[Λ1α, D
2(f)].
A solution to this is
D[a](f) = f + icijai∂jf
+1
4
cijckl
(
− 2{ai, ∂jak}∂lf + {ai, ∂kaj}∂lf
+i{ai, [aj, ak]}∂lf − {ai, ak}∂j∂lf
)
+1
4
cil∂lc
jk{ai, ak}∂jf +O(3).
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Nonommutative gauge potential
Again we expand the nonommutative gauge potential, starting with the
usual one
AX = X
nan + A
1
X + A
2
X + · · · .
Sine it is a nonommutative form in the sense of (4.3), we have to evaluate
it on a Poisson vetor eld X . We again expand the equation (5.15) and
obtain to rst order
δαA
1
X = X
i∂iΛ
1
α + δ
1
Xα + i[α
⋆1, Xnan] + i[α,A
1
X ] + i[Λ
1
α, X
nan]
= X i∂iΛ
1
α +
i
2
cij [∂iα, ∂j(X
nan)] + i[α,A
1
X ] + i[Λ
1
α, X
nan].
For the seond order we get
δαA
2
X = i[α
⋆2, Xnan] + i[α ⋆1, A
1
X ] + i[Λ
1
α
⋆1, Xnan]
+X i∂iΛ
2
α + δ
2
Xα + δ
1
XΛ
1
α + i[α,A
2
X ] + i[Λ
1
α, A
1
X ] + i[Λ
2
α, X
nan]
=
i
8
cmncij[∂m∂iα, ∂n∂j(X
nan)]
+
i
12
cml∂lc
ij([∂m∂iα, ∂j(X
nan)]− [∂iα, ∂m∂j(Xnan)])
+
i
2
cij[∂iα, ∂jA
1
X ] +
i
2
cij [∂iΛ
1
α, ∂j(X
nan)]
− 1
12
clk∂kc
im∂l∂mX
j∂i∂jα +
1
24
clkcim∂l∂iX
j∂k∂m∂jα
+X i∂iΛ
2
α + δ
1
XΛ
1
α + i[α,A
2
X ] + i[Λ
1
α, A
1
X ] + i[Λ
2
α, X
nan].
We found the following solution to the nonommutative gauge potential
AX = X
nan +
i
4
cklXn{ak, ∂lan + fln}+ i
4
ckl∂lX
n{ak, an}
+
1
32
cklcijXn
(
− 4i[∂k∂ian, ∂laj ]
+2i[∂k∂nai, ∂laj ]− 4{ak, {ai, ∂jfln}}
−2[[∂kai, an], ∂laj ] + 4{∂lan, {∂iak, aj}}
−4{ak, {fli, fjn}}+ i{∂naj, {al, [ai, ak]}}
+i{ai, {ak, [∂naj, al]}} − 4i[[ai, al], [ak, ∂jan]]
+2i[[ai, al], [ak, ∂naj ]] + {ai, {ak, [al, [aj, an]]}}
−{ak, {[al, ai], [aj, an]}} − [[ai, al], [ak, [aj , an]]]
)
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+
1
32
cklcij∂jX
n
(
2i[∂kai, ∂lan] + 2i[∂iak, ∂lan]
+2i[∂iak, ∂lan − ∂nal] + 4{an, {al, ∂kai}}
+4{ak, {ai, ∂nal − ∂lan}} − 2i{ak, {ai, [an, al]}}
+i{ai, {al, [an, ak]}}+ i{an, {al, [ai, ak]}}
)
+
1
24
cklcij∂l∂jX
n
(
∂i∂kan − 2i[ai, ∂kan]− {an, {ak, ai}}
)
+
1
24
ckl∂lc
ijXn
(
2i[aj , ∂k∂ian] + 2i[∂kai, fjn]
−{∂jan, {ak, ai}}+ 2{ai, {ak, fnj}}
)
+
1
24
ckl∂lc
ij∂jX
n
(
− 4i[ai, ∂kan] + 2i[ak, ∂ian]− {an, {ak, ai}}
)
− 1
12
ckl∂lc
ij∂j∂kX
n∂ian +O(3).
5.3.5 Seiberg-Witten map for Formality ⋆-produts
We will now apply the formalism of Seiberg-Witten gauge theory to Kontse-
vih's formality ⋆-produt. Here we are able to alulate the abelian Seiberg-
Witten map up to all orders. We have seen that derivations for this ⋆-produt
are easily obtained from Poisson vetor elds. With them we have all the
key ingredients to do nonommutative gauge theory on any Poisson mani-
fold. To relate the nonommutative theory to ommutative gauge theory, we
need the Seiberg-Witten maps for the formality ⋆-produt. In [40℄ and [41℄
the Seiberg-Witten maps for the nonommutative gauge parameter and the
ovariantizer were already onstruted to all orders in θ for abelian gauge
theory. We will extend the method developed there to the Seiberg-Witten
map for ovariant derivations.
Semi-lassial onstrution
We will rst do the onstrution in the semi-lassial limit, where the star
ommutator is replaed by the Poisson braket. As in [40℄ and [41℄, we dene,
with the help of the Poisson tensor θ = 1
2
θkl∂k ∧ ∂l
dθ = −[·, θ]
and (loally)
aθ = θ
ijaj∂i.
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Note that the braket used in the denition of dθ is not the Shouten-
Nijenhuis braket (A.1). For polyvetorelds π1 and π2 it is
[π1, π2] = −[π2, π1]S,
giving an extra minus sign for π1 and π2 both even (see A.5.2). Espeially,
we get for dθ ating on a funtion g
dθg = −[g, θ] = [g, θ]S = θkl∂lg∂k.
Now a parameter t and t-dependent θt =
1
2
θklt ∂k ∧ ∂l and Xt = Xkt ∂k are
introdued, fullling
∂tθt = fθ = −θtfθt and ∂tXt = −Xtfθt,
where the multipliation is ordinary matrix multipliation. Given the Poisson
tensor θ and the Poisson vetoreld X , the formal solutions are
θt = θ
∞∑
n=0
(−t fθ)n = 1
2
(θkl − tθkifijθjl + . . .)∂k ∧ ∂l
and
Xt = X
∞∑
n=0
(−t fθ)n = Xk∂k − tX ifijθjk∂k + . . . .
θt is still a Poisson tensor and Xt is still a Poisson vetoreld, i.e.
[θt, θt] = 0 and [Xt, θt] = 0.
For the proof see A.3.
With this we alulate
fθ = ∂tθt = −θtfθt = −[aθ, θ] = dθaθ. (5.18)
We now get the following ommutation relations
[aθt + ∂t, dθt(g)] = dθt((aθt + ∂t)(g)), (5.19)
[aθt + ∂t, Xt] = −dθt(Xkt ak), (5.20)
where g is some funtion whih might also depend on t (see A.5.1).
To onstrut the Seiberg-Witten map for the gauge potential AX , we rst
dene
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Kt =
∞∑
n=0
1
(n+ 1)!
(aθt + ∂t)
n.
With this, the semi-lassial gauge parameter reads [40, 41℄
Λλ[a] = Kt(λ)
∣∣∣
t=0
.
To see that this has indeed the right transformation properties under gauge
transformations, we rst note that the transformation properties of aθt and
Xkt ak are
δλaθt = θ
kl
t ∂lλ∂k = dθtλ (5.21)
and
δλ(X
k
t ak) = X
k
t ∂kλ = [Xt, λ]. (5.22)
Using (5.21), (5.22) and the ommutation relations (5.19), (5.20), a rather
tedious alulation (see A.4) shows that
δλKt(X
k
t ak) = X
k
t ∂kKt(λ) + dθt(Kt(λ))Kt(X
k
t ak).
Therefore, the semi-lassial gauge potential is
AX [a] = Kt(X
k
t ak)
∣∣∣
t=0
.
Quantum onstrution
We an now use the Kontsevih formality map to quantise the semi-lassial
onstrution. All the semi-lassial expressions an be mapped to their oun-
terparts in the ⋆-produt formalism without loosing the properties neessary
for the onstrution. One higher order term will appear, xing the transfor-
mation properties for the quantum objets.
The star-produt we will use is
⋆ =
∞∑
n=0
1
n!
Un(θt, . . . , θt).
We dene
d⋆ = −[·, ⋆]G ,
whih for funtions f and g reads
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d⋆(g) f = [f ⋆, g].
The braket used in the denition of d⋆ is the Gerstenhaber braket (A.2).
We now alulate the ommutators (5.19) and (5.20) in the new setting (see
A.5.2). We get
[Φ(aθt) + ∂t, d⋆(Φ(g))] = d⋆((Φ(aθt) + ∂t)Φ(f)),
[Φ(aθt) + ∂t,Φ(Xt)] = −d⋆(Φ(Xkt ak)−Ψ(aθt , Xt)).
The higher order term Ψ(aθt , Xt) has appeared, but looking at the gauge
transformation properties of the quantum objets we see that it is atually
neessary. We get
δλΦ(aθt) = Φ(dθtλ) = d⋆Φ(λ)
with (4.8) and (5.21) and
δλ(Φ(X
k
t ak)−Ψ(aθ, Xt)) = Φ([Xt, λ])−Ψ(dθλ,Xt)
= [Φ(Xt),Φ(λ)]−Ψ([θt, λ], Xt)
+Ψ([θt, Xt], λ)−Ψ(dθλ,Xt)
= [Φ(Xt),Φ(λ)]
= δXtΦ(λ),
where the addition of the new term preserves the orret transformation
property. With
K⋆t =
∞∑
n=0
1
(n+ 1)!
(Φ(aθt) + ∂t)
n,
a alulation analogous to the semi-lassial ase gives
δλ(K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt))) = δXtK⋆t (Φ(λ))
+d⋆(K
⋆
t (Φ(λ)))K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt)).
As in [40, 41℄, the nonommutative gauge parameter is
Λλ[a] = K
⋆
t (Φ(λ))
∣∣∣
t=0
,
and we therefore get for the nonommutative gauge potential
AX [a] = K
⋆
t (Φ(X
k
t ak)−Ψ(aθt , Xt))
∣∣∣
t=0
,
transforming with
δλAX = δXΛλ − [Λλ ⋆, AX ].
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5.3.6 Constrution of gauge invariant ations
We have seen that in the nonommutative realm the integral may be replaed
by a trae on a representation of the algebra desribing the nonommutative
spae. In the ⋆-produt formalism this has been the ordinary integral to-
gether with a measure funtion (4.12). With the ovariantizer D[a](f) (5.13)
for funtions at hand it is now easy to onstrut ations invariant under
nonommutative gauge transformations that redue in the lassial limit to
gauge theory on a at spae. For example the measure funtion an be
ompensated by D[a](Ω−1(x)). But from the point of view of nonommu-
tative gauge theory this looks quite unnatural. To make ontat with the
ommuting frame formalism we will have to go another way.
First we want to translate lassial gauge theory (5.1) into the language
of frames. Sine forms are dual to vetor elds, they may be evaluated on a
frame. In the speial ase of the onnetion one form this yields
aa = a(ea) = aidx
i(ea) = aie
i
a.
The same we an do with the ovariant derivate
(Dψ)(ea) = eaψ − iaaψ.
The eld strength beomes
f(ea, eb) = fab = eaab − ebaa − a([ea, eb])− i[aa, ab].
Sine in salar eletrodynamis we do not need a spin onnetion, it is simple
to write down its ation on an urved manifold with the frame formalism
S =
∫
dnx e (−1
4
ηabηcdfacfbd + η
abDaφDbφ+m
2φφ).
Here again
e = (det ea
µ)−1 =
√
det (gµν)
is the measure funtion for the urved manifold.
The onsiderations above an be generalized to a urved nonommutative
spae, i.e. a nonommutative spae with a Poisson struture that is ompat-
ible with a frame ea. For a urved nonommutative spae we are now able to
mimi the previous lassial onstrutions and evaluate the nonommutative
ovariant derivative (5.14) and eld strength (5.16) on it
DaΦ = δeaΦ− iAea ⋆ Φ,
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Fab = F (ea, eb).
Using the measure funtion and our nonommutative versions of eld strength
and ovariant derivative we end up with the following ation
S = tr
∫
dnxΩ (−1
4
ηabηcdFac ⋆ Fbd + η
abDaΦ ⋆ DbΦ−m2Φ ⋆ Φ). (5.23)
tr is the trae of the Lie algebra representation. By onstrution this ation
is invariant under nonommutative gauge transformations
δαS = 0.
To lowest order we obtain
S0 = tr
∫
dnxΩ (−1
4
gαβgγδfαγfβδ + g
αβDαφ¯Dβφ−m2φ¯φ),
with gαβ the metri indued by the frame. If g = Ω, the ommuting frame
formalism yields the desired lassial limit.
5.3.7 Example: M(soa(n))
We have seen that the omponents of the frame (eα = Xα
µ∂u) are
Xµ0 = δ
µ
0 ,
Xµi = ρδ
µ
i .
These we an plug into our solution of the Seiberg-Witten map and the
derivation orresponding to the Weyl-ordered ⋆-produt and get
Λλ[a] = λ +
a
4
xi{∂0λ, ai} − a
4
xi{∂iλ, a0}+O(a2),
Φφ[a] = φ− a
2
xia0∂iφ+
a
2
xiai∂0φ+
ia
4
xi[a0, ai]φ+O(a2),
AX0 = a0 −
a
4
xi{a0, ∂ia0 + fi0}+ a
4
xi{ai, ∂0a0}+O(a2),
AXj = ρaj −
a
4
ρ{aj , a0} − a
4
ρxi{a0, ∂iaj + fij}
+
a
4
ρxi{ai, ∂0aj + f0j}+O(a2),
δXµ = X
ν
µ∂ν +O(a2).
The ation (5.23) beomes up to rst order
S =
∫
dnx
(
−1
2
ρ3−nη00ηijTr(f0if0j)− 1
4
ρ5−nηklηijTr(fkiflj)
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+ρ1−nη00D0φD0φ+ ρ
3−nηklDkφDlφ
−a
2
ρ3−nη00ηijxpTr(f0pf0if0j)
+
a
4
ρ5−nηklηijxpTr(f0pfkiflj)
−a
2
ρ5−nηklηijxpTr(fjp{fki, fl0})
−a
2
ρ3−nηklxiDkφfl0Diφ+
a
2
ρ3−nηklxiDkφfliD0φ
−a
2
ρ3−nηklxiDiφfl0Dkφ+
a
2
ρ3−nηklxiD0φfliDkφ
−aρ3−nηklxiDkφf0iDlφ
)
+O(a2).
We know that in the lassial limit a→ 0 the ation redues to salar eletro-
dynamis on a urved bakground or its nonabelian generalization, respe-
tively.
5.4 Observables
In the previous setions we have seen that gauge theory on nonommuta-
tive spaes is a very interesting and fruitful subjet. Nevertheless we need a
method to extrat physial preditions from the theory. Sine a gauge trans-
formation should not aet the preditions we make, we have to nd gauge
invariant objets. Suh observables are not easy to nd if we want them to
have a sensible lassial limit.
A seond reason for studying observables is the similarity between non-
ommutative gauge theory and gravity in view of the gauge struture. The
equations of general relativity transform ovariantly under oordinate trans-
formations. Therefore the group of loal diemorphisms is part of the gauge
group. Now take a gauge transformation in the ⋆-produt representation of a
nonommutative U(1)-gauge theory. Then we have seen that the oordiantes
are not invariant under gauge transformations
xi → eiα(x)⋆ ⋆ xi ⋆ e−iα(x)⋆ = xi + θij∂jα + · · · (5.24)
In the whole setion we will assume that the ⋆-produt looks up to rst order
like
f ⋆ g = fg +
i
2
θij∂if∂jg + · · · , (5.25)
where θij is antisymmetri and fullls the Poisson equation. In the semi-
lassial limit the transformations (5.24) beome the Hamiltonian ows of
the Poisson manifold. In a sense the gauge group of nonommutative gauge
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theories ontains a large lass of dieomorphisms. Sine it is not easy to nd
a full set of meaningful observables in general relativity (see e. g. [80℄ and
for a more general review [81℄), the study of nonnommutative gauge theory
will perhaps give new insights into this subjet.
In the ase of onstant ommutator so alled open Wilson lines [82℄ have
been introdued as observables of nonommutative gauge theory. We will
use ovariant oordinates (5.8) to generalize this onstrution to general ⋆-
produts. In [83℄ they were used to give an exat formula for the inverse
Seiberg-Witten map. We will generalize this onstrution for ⋆-produts
with invertible Poisson struture θij .
5.4.1 Classial Wilson lines
Let us rst reall some aspets of the ommutative gauge theory. For this let
aµ be a gauge eld. Then an innitesimal parallel transporter (innitesimal
wilson line) may be dened via
U(x, x+ l) = 1 + ilµaµ(x)
= eil
µaµ(x) +O(l2),
where lµ is an innitesimal onstant vetor. The innitesimal Wilson line
transforms like
TgU(x, x + l) = g(x)U(x, x+ l)g
−1(x+ l) +O(l2).
Now let Γyz a Path onneting the points a and b. And let {xi}i∈0...N be a
partition of this Path. Then we dene
UN [Γyz] =
N∏
i=1
U(xi−1, xi)
=
N∏
i=1
(
1 + i(xµi − xµi−1)aµ(xi)
)
=
N∏
i=1
(
1 + ilµi aµ(y +
i∑
j=1
li)
)
.
UN transforms in the following way
TgUN [Γxy] = g(x)UN [Γxy]g
−1(y) +O(l2i ).
Further the Wilson line of the Path Γxy is the ontinuum limit of the UN
U [Γxy] = lim
N→∞
UN [Γxy]
= P exp(i
∫
dxµaµ),
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where P denotes path ordering of the exponential. If one ats with a gauge
transformation on the Wilson line
TgU [Γxy] = g(x)U [Γxy]g
−1(y),
one sees that it transforms only at its endpoints.
5.4.2 Nonommutative Wilson lines
In the ase θij = const. the basi observation was that translations in spae
are gauge transformations [82℄. They are realized by
Tlx
j = xj + liθ
ij = eilix
i
⋆ f ⋆ e−ilix
i
.
Now one an pose the question what happens if one uses ovariant oordinates
[84℄. In this ase the inner automorphism
f → eiliXi ⋆ f ⋆ e−iliXi
should onsist of a translation and a gauge transformation dependent of the
translation. If we subtrat the translation again only the gauge transforma-
tion remains and the resulting objet
Wl = e
iliX
i
⋆ e−ilix
i
has a very interesting transformation behavior under a gauge transformation
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(x+ liθ
ij).
It transforms like a Wilson line starting at x and ending at x+ lθ.
As in the onstant ase we an start with
Wl = e
iliX
i
⋆ ⋆ e
−ilix
i
⋆ ,
where now e⋆ is the ⋆-exponential. Every multipliation in its Taylor series
is replaed by the ⋆-produt. In ontrast to the onstant ase, elix
i
⋆ = e
lix
i
isn't true any more. The transformation property of Wl is now
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(Tlx),
where
Tlx
j = eilix
i
⋆ xj ⋆ e−ilix
i
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is an inner automorphism of the algebra, whih an be interpreted as a
quantized oordinate transformation. If we replae ommutators by Pois-
son brakets, the lassial limit of this oordinate transformation may be
alulated
Tlx
k = eili[x
i⋆, ·]xk ≈ e−li{xi,·}xj = e−liθij∂jxk,
the formula beoming exat for θij onstant or linear in x. We see that the
lassial oordinate transformation is the ow indued by the Hamiltonian
vetor eld −liθij∂j . At the end we may expand Wl in terms of θ and get
Wl = e
iliθ
ijaj +O(θ2),
where we have replaed Ai by its Seiberg-Witten expansion. We see that for
l small this really is a Wilson line starting at x and ending at x+ lθ.
5.4.3 Observables
Now we are able to write down a large lass of observables for the above
dened nonommutative gauge theory, namely
Ul =
∫
dnxΩ(x)Wl(x) ⋆ e
ilix
i
⋆ =
∫
dnxΩ(x) eiliX
i(x)
⋆
or more general
fl =
∫
dnxΩ(x) f(X i) ⋆ eiliX
i(x)
⋆
with f an arbitrary funtion of the ovariant oordinates. Obviously they
are invariant under gauge transformations.
5.4.4 Inverse Seiberg-Witten-map
As an appliation of the above onstruted observables we generalize [83℄
to arbitrary ⋆-produts, i. e. we give a formula for the inverse Seiberg-
Witten map for ⋆-produts with invertible Poisson struture. In order to
map nonommutative gauge theory to its ommutative ounterpart we need
a funtional fij [X ] fullling
fij [g ⋆ X ⋆ g
−1] = fij[X ],
df = 0
and
fij = ∂iaj − ∂jai +O(θ2).
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f is a lassial eld strength and redues in the limit θ → 0 to the orret
expression.
To proove the rst and the seond property we will only use the algebra
properties of the ⋆-produt and the yliity of the trae. All quantities
with a hat will be elements of an algebra. With this let Xˆ i be ovariant
oordinates in an algebra, transforming under gauge transformations like
Xˆ i′ = gˆXˆ igˆ−1
with gˆ an invertible element of the algebra. Now dene
Fˆ ij = −i[Xˆ i, Xˆj]
and
(Fˆ n−1)ij =
1
2n−1(n− 1)!ǫiji1i2···i2n−2 Fˆ
i1i2 · · · Fˆ i2n−3i2n−2 .
Sine an antisymmetri matrix in odd dimensions is never invertible we have
assumed that the spae is 2n dimensional. The expression
Fij(k) = strFˆ ,Xˆ
(
(Fˆ n−1)ije
ikjXˆ
j
)
(5.26)
learly fullls the rst property due to the properties of the trae. str is the
symmetrized trae, every monomial in Fˆ ijand Xˆk should be symmetrized.
For an exat denition see [83℄. Note that symmetrization is only neessary
for spaes with dimension higher than 4 due to the yliity of the trae. In
dimensions 2 and 4 we may replae str by the ordinary trae tr. Fij(k) is
the Fourier transform of a losed form if
k[iFjk] = 0
or if the urrent
J i1···i2n−2 = strFˆ ,X
(
Fˆ [i1i2 · · · Fˆ i2n−3i2n−2]eikj Fˆ j
)
is onserved, respetively
kiJ
i··· = 0.
This is easy to show, if one uses
strFˆ ,Xˆ
(
[kXˆ, Xˆ l]eikjXˆ
j · · ·
)
= strFˆ ,Xˆ
(
[Xˆ l, eikjXˆ
j
] · · ·
)
= strFˆ ,Xˆ
(
eikjXˆ
j
[Xˆ l, · · ·]
)
,
whih an be alulated by simple algebra.
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To show the last property we have to swith to the ⋆-produt formalism
and expand the formula in θij . The expression (5.26) now beomes
F [X ]ij(k) =
∫
d2nx
Pf(θ)
(
(F n−1⋆ )ij ⋆ e
ikjX
j
⋆
)
symF,X
.
The expression in brakets has to be symmetrized in F ij and X i for n > 2.
Up to third order in θij , the ommutator F ij of two ovariant oordinates is
F ij = −i[X i ⋆, Xj ] = θij − θikfklθlj − θkl∂lθijak +O(3)
with fij = ∂iaj − ∂jai the ordinary eld strength. Furthermore we have
eikiX
i
⋆ = e
ikix
i
(1 + ikiθ
ijaj) +O(2).
If we hoose the antisymmetri ⋆-produt (5.25), the symmetrization will
annihilate all the rst order terms of the ⋆-produts between the F ij and X i,
and therefore we get
−F [X ]ij(k) =
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθn−2θfθ − θkl∂l(ǫijθn−1)ak
)
eikix
i
+O(1)
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθn−2θfθ − 1
2
ǫijθ
n−1fklθ
kl
)
eikix
i
+O(1)
= d2nx
(
θ−1ij + 2n(n− 1)
ǫijθ
n−2θfθ
ǫθn
− 1
2
θ−1ij fklθ
kl
)
eikix
i
+O(1),
using partial integration and ∂i(ǫθ
nθij) = 0. To simplify notation we intro-
dued
ǫijθ
n−1 = ǫiji1j1···in−1jn−1θ
i1j1 · · · θin−1jn−1
et. In the last line we have used
θ−1ij = −
(θn−1)ij
Pf(θ)
= −2nǫijθ
n−1
ǫθn
.
We will now have a loser look at the seond term, noting that
θij
ǫijθ
n−2θfθ
ǫθn
= − 1
2n
θ−1kl θ
krfrsθ
sl = − 1
2n
frsθ
rs
and therefore
ǫijθ
n−2θfθ
ǫθn
= a
ǫijθ
n−1
ǫθn
frsθ
rs + bfij (5.27)
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with a+ b = − 1
2n
. Taking e. g. i = 1, j = 2 we see that
ǫ12···klθ
n−2θkrfrsθ
sl = ǫ12···klθ
n−2(θk1θ2l − θk2θ1l)f12 + terms without f12.
Espeially there are no terms involving f12θ
12
and we get for the two terms
on the right hand side of (5.27)
2aǫ12θ
n−1f12θ
12 = −2nbǫ12θ12θn−1f12
and therefore b = − a
n
. This has the solution
a = − 1
2(n− 1) and b =
1
2n(n− 1) .
With the resulting
2n(n− 1)ǫijθ
n−2θfθ
ǫθn
=
1
2
θ−1ij fklθ
kl + fij
we nally get
−F [X ]ij(k) =
∫
d2nx
(
θ−1ij + fij
)
eikix
i
+O(1).
Therefore
f [X ]ij = F [X ]ij(k)− F [x]ij(k)
is a losed form that redues in the lassial limit to the lassial Abelian
eld strength. We have found an expression for the inverse Abelian Seiberg-
Witten map.
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Appendix A
Denitions and alulations
A.1 The Shouten-Nijenhuis braket
The Shouten-Nijenhuis braket for multivetor elds π
i1...iks
s ∂i1 ∧ . . . ∧ ∂iks
an be written as ([75℄, IV.2.1):
[π1, π2]S = (−1)k1−1π1 • π2 − (−1)k1(k2−1)π2 • π1,
π1 • π2 =
k1∑
l=1
(−1)l−1πi1...ik11 ∂lπ
j1...jk2
2 ∂i1 ∧ . . .∧ ∂̂il ∧ . . .∧ ∂ik1 ∧ ∂j1 ∧ . . .∧ ∂jk2 ,
where the hat marks an omitted derivative.
For a funtion g, vetorelds X = Xk∂k and Y = Y
k∂k and a bivetoreld
π = 1
2
πkl∂k ∧ ∂l we get:
[X, g]S = X
k∂kg,
[π, g]S = −πkl∂kg∂l,
[X, π]S =
1
2
(Xk∂kπ
ij − πik∂kXj + πjk∂kX i)∂i ∧ ∂j ,
[π, π]S =
1
3
(πkl∂lπ
ij + πil∂lπ
jk + πjl∂lπ
ki)∂k ∧ ∂i ∧ ∂j .
A.2 The Gerstenhaber braket
The Gerstenhaber braket for polydierential operators As an be written as
([75℄, IV.3):
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[A1, A2]G = A1 ◦ A2 − (−1)(|A1|−1)(|A2|−1)A2 ◦ A1,
(A1 ◦A2)(f1, . . . fm1+m2−1) =
m1∑
j=1
(−1)(m2−1)(j−1)A1(f1, . . . fj−1, A2(fj , . . . , fj+m2−1), fj+m2, . . . , fm1+m2−1),
where |As| is the degree of the polydierential operator As, i.e. the number
of funtions it is ating on.
For funtions g and f , dierential operators D1and D2 of degree one and
P of degree two we get
[D, g]G = D(g),
[P, g]G(f) = P (g, f)− P (f, g),
[D1, D2]G(g) = D1(D2(g))−D2(D1(g)),
[P,D]G(f, g) = P (D(f), g) + P (f,D(g))−D(P (f, g)). (A.1)
A.3 Calulation of [θt, θt] and [θt, Xt]
We want to show that θt is still a Poisson tensor and that Xt still om-
mutes with θt. For this we rst dene θ(n)
k
l = (θf)
n = θkifij . . . θ
rsfsl =
fliθ
ij . . . frsθ
sk = (fθ)n and θ(n)kl = θ(fθ)n = θkifij . . . frsθ
sl
. In the alula-
tions to follow we will sometimes drop the derivatives of the polyvetorelds
and assoiate πk1...kn with πk1...kn 1
n
∂k1 ∧ . . . ∧ ∂knfor simpliity. All the al-
ulations are done loally.
We evaluate
[θt, θt]S = θ
kl
t ∂lθ
ij
t + .p. in (kij)
=
∞∑
n,m=0
m∑
o=0
(−t)n+mθ(n)krθ(o)isθ(m− o)jpθrl∂lθsp + .p. in (kij)
+
∞∑
n,m=0
m∑
o=0
(−t)n+m+1θ(n)klθ(o)isθ(m− o)pj∂lfsp + .p. in (kij)
=
∞∑
n,m,o=0
(−t)n+m+oθ(n)krθ(o)isθ(m)jpθrl∂lθsp + .p. in (kij)
−
∞∑
n,m,o=0
(−t)n+m+o+1θ(n)klθ(o)isθ(m)jp∂lfsp + .p. in (kij).
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The rst part vanishes beause θt is a Poisson tensor, i.e.
[θ, θ]S = θ
kl∂lθ
ij + .p. in (kij) = 0, (A.2)
the seond part beause of
∂kfij + .p. in (kij) = 0. (A.3)
To prove that Xt still ommutes with θt, we rst note that
Xt = X
∞∑
n=0
(−tfθ) = X(1− tfθt).
With this we an write
[Xt, θt] = [X, θt]− t[Xfθt, θt] (A.4)
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
−tXmfmiθint ∂nθklt + tθknt ∂n(Xmfmiθilt )− tθlnt ∂n(Xmfmiθikt )
= Xn∂nθ
kl
t − θknt ∂nX l + θlnt ∂nXk
+tθknt ∂nX
mfmiθ
il
t − tθlnt ∂nXmfmiθikt
+tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt .
In the last step we used (A.2). To go on we note that
tθknt X
m∂nfmiθ
il
t − tθlnt Xm∂nfmiθikt = tXnθkmt ∂nfmiθilt ,
where we used (A.3). Making use of the power series expansion and the fat
that X ommutes with θ, i.e.
[X, θ] = Xn∂nθ
kl − θkn∂nX l + θln∂nXk = 0,
we further get
Xn∂nθ
kl
t + tX
nθkmt ∂nfmiθ
il
t =
∞∑
r,s=0
(−t)r+sθ(r)kiXn∂nθijθ(s)lj
=
∞∑
r,s=0
(−t)r+sθ(r)ki θin∂nXjθ(s)lj
−
∞∑
r,s=0
(−t)r+sθ(r)ki θjn∂nX iθ(s)lj .
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Therefore (A.4) reads
[Xt, θt] =
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθin∂nXj −
∞∑
r,s=0
(−t)r+sθ(r)ki θ(s)ljθjn∂nX i
−θknt ∂nX l + θlnt ∂nXk + tθknt ∂nXmfmiθilt − tθlnt ∂nXmfmiθikt
= 0.
A.4 The transformation properties of Kt
To alulate the transformation properties of Kt(X
k
t ak), we rst evaluate
δλ((aθ + ∂t)
n)Xkak =
n−1∑
i=0
(aθ + ∂t)
idθ(λ)(aθ + ∂t)
n−1−iXkak
=
n−1∑
i=0
i∑
l=0
(
i
l
)
dθ((aθ + ∂t)
l(λ))(aθ + ∂t)
n−1−lXkak
and
(aθ + ∂t)
nδλ(X
kak)
= (aθ + ∂t)
nXk∂kλ
= Xk∂k(aθ + ∂t)
n −
n−1∑
i=0
(aθ + ∂t)
idθ(X
kak)(aθ + ∂t)
n−1−iλ
= Xk∂k(aθ + ∂t)
n
−
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j
(aθ + ∂t)
i+jdθ((aθ + ∂t)
n−1−i−j(Xkak))(λ)
= Xk∂k(aθ + ∂t)
n
+
n−1∑
i=0
n−1−i∑
j=0
(
n− 1− i
j
)
(−1)n−1−i−j
(aθ + ∂t)
i+jdθ(λ)((aθ + ∂t)
n−1−i−j(Xkak))
= Xk∂k(aθ + ∂t)
n
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+
n−1∑
i=0
n−1−i∑
j=0
i+j∑
l=0
(
n− 1− i
j
)(
i+ j
l
)
(−1)n−1−i−j
dθ((aθ + ∂t)
l(λ))((aθ + ∂t)
n−1−l(Xkak)).
We go on by simplifying these expressions. Using(
i
l
)
=
(
i− 1
l
)
+
(
i− 1
l − 1
)
for i > l, (A.5)
we get
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m =
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m.
Using (A.5) again two times and then using indution we go on to
n−1∑
m=l
(
n
m
)(
m
l
)
(−1)n−1−m =
l∑
i=0
(
n− 1− i
n− 1− l
)
,
giving, after using (A.5) again
l∑
i=0
(
n− 1− i
n− 1− l
)
=
(
n
l
)
.
Together with
n−1∑
i=l
(
i
l
)
=
(
n
l + 1
)
these formulas add up to give
n−1∑
m=l
m∑
i=0
(
n− 1− i
m− i
)(
m
l
)
(−1)n−1−m +
n−1∑
i=l
(
i
l
)
=
(
n+ 1
l + 1
)
and therefore
δλ(Kt(X
kak)) = X
k∂k(Kt(λ)) + dθ(Kt(λ))Kt(X
kak).
A.5 Calulation of the ommutators
A.5.1 Semi-lassial onstrution
We alulate the ommutator (5.19) (see also [41℄), dropping the t-subsripts
on θt for simpliity and using loal expressions.
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[aθ, dθ(g)] = −θijaj∂iθkl∂kg∂l − θijajθkl∂i∂kg∂l
+θkl∂kg∂lθ
ijaj∂i + θ
kl∂kgθ
ij∂laj∂i
= −θkl∂kθijaj∂ig∂l − θklθijaj∂k∂ig∂l − θklθij∂jak∂ig∂l
= +θijfjkθ
kl∂ig∂l − θkl∂k(θijaj∂ig)∂l
= −dθfθg + dθ(aθ(g))
= −∂t(dθ)g + dθ(aθ(g)).
For (5.20) we get
[aθ, Xt] = θ
ijaj∂iX
k∂k −Xk∂kθijaj∂i −Xkθij∂kaj∂i
= −θijXk∂kaj∂i − θik∂kXjaj∂i
= Xkfkiθ
ij∂j + θ
ij∂i(X
kak)∂j
= −∂tX − dθ(Xkak).
A.5.2 Quantum onstrution
In [85℄, (4.3,4.4,4.6) have already been alulated, unlukily (and impliitly)
using a dierent sign onvention for the brakets of polyvetorelds. In [41℄,
again a dierent sign onvention is used, oiniding with the one in [85℄ in
the relevant ases. In order to keep our formulas onsistent with the ones
used in [85, 41℄, we dene our braket on polyvetorelds π1 and π2 as in [85℄
to be
[π1, π2] = −[π2, π1]S,
giving an extra minus sign for π1 and π2 both even. The braket on polydif-
ferential operators is always the Gerstenhaber braket.
With these onventions and
d⋆ = −[·, ⋆],
we rewrite the formulas (4.6,4.5,4.3,4.4) so we an use them in the fol-
lowing
[Φ(X),Φ(g)]G = Φ([X, g]) + Ψ([θ, g], X)−Ψ([θ,X ], g), (A.6)
[Φ(X),Φ(Y )]G = d⋆Ψ(X, Y ) (A.7)
+Φ([X, Y ]) + Ψ([θ, Y ], X)−Ψ([θ,X ], Y ),
d⋆Φ(g) = Φ(dθ(g)), (A.8)
d⋆Φ(X) = Φ(dθ(X)). (A.9)
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For the alulation of the ommutators of the quantum objets we rst dene
a⋆ = Φ(aθt)
and
f⋆ = Φ(fθt).
With (A.9) we get the quantum version of (5.18)
f⋆ = d⋆a⋆.
For funtions f and g we get
∂t(f ⋆ g) =
∞∑
n=0
1
n!
∂tUn(θt, . . . , θt)(f, g)
=
∞∑
n=1
1
(n− 1)!Un(fθ, . . . , θt)(f, g) = f⋆(f, g).
With these two formulas we an now alulate the quantum version of (5.19)
as in [41℄. On two funtions f and g we have
∂t(f ⋆ g) = f⋆(f, g)
= d⋆a⋆(f, g)
= −[a⋆, ⋆](f, g)
= −a⋆(f ⋆ g) + a⋆(f) ⋆ g + f ⋆ a⋆(g),
where we used (A.1) in the last step. Therefore
[a⋆, d⋆(g)](f) = a⋆(d⋆(g)(f))− d⋆(g)(a⋆(f))
= a⋆([f ⋆, g])− [a⋆(f) ⋆, g]
= −∂t[f ⋆, g]− [a⋆(g) ⋆, f ]
= −∂td⋆(g)(f) + d⋆(a⋆(g))(f).
For a funtion g whih might also depend on t the quantum version of (5.19)
now reads
[a⋆ + ∂t, d⋆(g)] = d⋆(a⋆(g)).
We go on to alulate the quantum version of (5.20). We rst note that
∂tΦ(Xt) =
∞∑
n=1
1
(n− 1)!∂tUn(Xt, θt, . . . , θt) = Φ(∂tXt) + Ψ(fθ, Xt).
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With this we get
[Φ(aθ),Φ(Xt)] = d⋆Ψ(aθ, Xt) + Φ([aθ, Xt])−Ψ([θt aθ]) + Ψ([θt, Xt], aθ)
= d⋆Ψ(aθ, Xt) + Φ(−dθ(Xkt ak)) + Φ(−∂tXt)−Ψ(fθ, Xt)
= −d⋆(Φ(Xkt ak)−Ψ(aθ, Xt))− ∂tΦ(Xt),
where we have used (A.7).
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